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Preface 


The purpose of this book, that can be seen as a continuation of the previ¬ 
ous one entitled '' Advances on Inequalities of the Schwarz, Griiss and Bessel Type 
in Inner Product Spaces” (Nova Science Publishers, NY, 2005), is to give a com¬ 
prehensive introduction to other classes of inequalities in Inner Product Spaces 
that have important applications in various topics of Contemporary Mathematics 
such as: Linear Operators Theory, Partial Differential Equations, Nonlinear Analy¬ 
sis, Approximation Theory, Optimization Theory, Numerical Analysis, Probability 
Theory, Statistics and other helds. 

The monograph is intended for use by both researchers in various helds of 
Mathematical Inequalities, domains which have grown exponentially in the last 
decade, as well as by postgraduate students and scientists applying inequalities in 
their specihc areas. 

The aim of Chapter ^ is to present some fundamental analytic properties con¬ 
cerning Hermitian forms dehned on real or complex linear spaces. The basic in¬ 
equalities as well as various properties of superadditivity and monotonicity for the 
diverse functionals that can be naturally associated with the quantities involved 
in the Schwarz inequality are given. Applications for orthonormal families. Gram 
determinants, linear operators dehned on Hilbert spaces and sequences of vectors 
are also pointed out. 

In Chapter 121 classical and recent rehnements and reverse inequalities for the 
Schwarz and the triangle inequalities are presented. Further on, the inequalities 
obtained by Buzano, Richards, Precupanu and Moore and their extensions and 
generalizations for orthonormal families of vectors in both real and complex inner 
product spaces are outlined. Recent results concerning the classical rehnement of 
Schwarz inequality due to Kurepa for the complexihcation of real inner product 
spaces are also reviewed. Various applications for integral inequalities including a 
version of Heisenberg inequality for vector valued functions in Hilbert spaces are 
provided as well. 

The aim of Chapter El is to survey various recent reverses for the generalised 
triangle inequality in both its simple form, that are closely related to the Diaz- 
Metcalf results, or in the equivalent quadratic form that maybe be of interest in 
the Geometry of Inner product Spaces. Applications for vector valued integral 
inequalities and for complex numbers are given as well. 

Further on, in Chapter EJ some recent reverses of the continuous triangle in¬ 
equality for Bochner integrable functions with values in Hilbert spaces and defined 
on a compact interval [a, 6] C K are surveyed. Applications for Lebesgue inte¬ 
grable complex-valued functions that generalise and extend the classical result of 
Karamata are provided as well. 


V 


VI 


PREFACE 


In Chapter 0 some reverses of the Cauchy-Buniakovsky-Schwarz vector-valued 
integral inequalities under various assumptions of boundedness for the functions 
involved are given. Natural applications for the Heisenberg inequality for vector¬ 
valued functions in Hilbert spaces are also provided. 

The last chapter, Chapter|3 is a potpourri of other inequalities in inner product 
spaces. The aim of the first section is to point out some upper bounds for the 
distance d (cc, M) from a vector cc to a finite dimensional subspace M in terms of 
the linearly independent vectors {xi,... ,Xn} that span M. As a by-product of this 
endeavour, some refinements of the generalisations for Bessel’s inequality due to 
several authors including: Boas, Bellman and Bombieri are obtained. Refinements 
for the well known Hadamard’s inequality for Gram determinants are also derived. 

In the second and third sections of this last chapter, several reverses for the 
Cauchy-Bunyakovsky-Schwarz (CBS) inequality for sequences of vectors in Hilbert 
spaces are obtained. Applications for bounding the distance to a finite-dimensional 
subspace and in reversing the generalised triangle inequality are also given. 

For the sake of completeness, all the results presented are completely proved 
and the original references where they have been firstly obtained are mentioned. 
The chapters are relatively independent and can be read separately. 

The Author, 

March, 2005. 


CHAPTER 1 


Inequalities for Hermitian Forms 

1.1. Introduction 

Let K be the field of real or complex numbers, i.e., K = R or C and AT be a 
linear space over K. 

Definition 1. A functional X x X ^ M. is said to be a Hermitian form 
on X if 

(HI) {ax + by, z) = a (x, z) + b {y, z) for a,b gK. and x,y,z G X; 

(H2) (x, y) = {y, x) for all x,y G X. 

The functional (•, •) is said to be positive semi-definite on a subspace Y of X if 

(H3) {y, y)>0 for every y GY, 

and positive definite on Y if it is positive semi-definite on Y and 

(H4) {y, y) = 0, y G Y implies y = 0. 

The functional (•,•) is said to be definite on Y provided that either (•,•) or 
— (•,•) is positive semi-definite on Y. 

When a Hermitian functional (•,•) is positive-definite on the whole space X, 
then, as usual, we will call it an inner product on X and will denote it by (•, •) . 

The aim of this chapter is to present some fundamental analytic properties 
concerning Hermitian forms defined on real or complex linear spaces. The basic 
inequalities as well as various properties of superadditivity and monotonicity for 
diverse functionals that can be naturally associated with the quantities involved 
in the Schwarz inequality are given. Applications for orthonormal families, Gram 
determinants, linear operators defined on Hilbert spaces and sequences of vectors 
are also pointed out. The results are completely proved and the original references 
where they have been firstly obtained are mentioned. 

1.2. Hermitian Forms, Fundamental Properties 

1.2.1. Schwarz’s Inequality. We use the following notations related to a 
given Hermitian form (•, •) on Ai : 

Xq := {x G X\ (x, a;) = 0} , 

K := {x G X\ {x,x) < 0} 

and, for a given z G X, 

X^^'> -.= {x G X\ (x, z) = 0} and L (z) := {az|a G K} . 

The following fundamental facts concerning Hermitian forms hold [^: 

Theorem 1 (Kurepa, 1968). Let X and (•,•) be as above. 
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(1) If e G X is such that (e, e) ^ 0, then we have the decomposition 

(1.1) X = L(e)0X(^), 

where ® denotes the direct sum of the linear subspaces and L (e); 

(2) If the functional (•,•) is positive semi-definite on X^^'^ for at least one 
e G K, then (•, •) is positive semi-definite on X^f'> for each f G K] 

(3) The functional (•,•) is positive semi-definite on X*-®) with e G K if and 
only if the inequality 

(1-2) \{x,y)\^ > {x,x){y,y) 

holds for all X G K and all y G X; 

(4) The functional (•,•) is semi-definite on X if and only if the Schwarz’s 
inequality 

(1-3) \{x,y)\^ <{x,x){y,y) 

holds for all x,y G X] 

(5) The case of equality holds in for x,y G X and in d, for X G K, 
y G X, respectively; if and only if there exists a scalar a € K such that 

y-axGX^’”^ := Xq n X^^K 


Proof. We follow the argument in [^. 
If (e, e) 0, then the element 


x:=y- 


(e,e) 


has the property that {x,e) = 0, i.e., x G X^‘’\ This proves that X is a sum of the 
subspaces L (e) and X^®^ The fact that the sum is direct is obvious. 

Suppose that (e,e) ^ 0 and that (•,•) is positive semi-definite on X. Then for 
each y G X we have y = ae -\- z with a G K and z G X^®^ from where we get 

(1-4) l(e,2/)|^ - (e,e) (y,y) = - (e, e) (z,z). 


From we get the inequality d, with X = e, in the case that (e, e) > 0 and 
d in the case that (e, e) < 0. In addition to this, from we observe that the 
case of equality holds in d or in d if and only if (z, z) = 0, i.e., if and only if 
y-aeG X^*"^. 

Conversely, if d holds for all x,y G X, then (x,x) has the same sign over 
the whole of X, i.e., (•,•) is semi-definite on X. In the same manner, from d, 
for y G X^®\ we get (e, e) • (y, y) < 0, which implies (y, y) > 0, i.e., (•, •) is positive 
semi-definite on X^®). 

Now, suppose that (•, •) is positive semi-definite on X^®) for at least one e G K. 
Let us prove that (•, •) is positive semi-definite on X^^'> for each f G K. 

For a given f G K, consider the vector 


(1.5) 


/ 

e := e — 


(e,/) 

(/,/) 


(e',e') = (e',e) 


(e,e) (/,/) - \{e,f)f 

(/,/) 


(e',/) = 0 


Now, 
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and together with 

\{e,y)f > {e,e){y,y) for any yeX 

imply (e', e') > 0 . 

There are two cases to be considered: (e', e') > 0 and (e', e') = 0. 
If (e',e') > 0, then for any x G the vector 

/ / ■ 1 (2^) cO 

X := X — ae with a = —-- 

(e',e') 

satisfies the conditions 


(x', e) = 0 and {x', /) = 0 

which implies 

2 ;'g ^(e) and (x, x) = |a|^ (e', e') + (x', x') > 0 . 

Therefore (•,•) is a positive semi-definite functional on X^^K 
From the parallelogram identity: 

(1.6) {x+ y,x+ y) + {x - y,x - y) =2[{x,x) + {y,y)], x,y G X 

we conclude that the set x'^'^ = Xq n is a linear subspace of X. 
Since 

(1.7) {x,y) = ^[{x + y,x + y) + {x-y,x-y)], x,y G X 
in the case of real spaces, and 


(1.8) (x, y) = + y, X + y) + {x - y, X - y)] 

+ -[{x + iy, x + iy)- {x- iy, x - iy)], x,y G X 
in the case of complex spaces, hence (x, y) = 0 provided that x and y belong to 

Aq . 

If (e', e') = 0, then (e', e) = (e', e') = 0 and then we can conclude that e' € Xq‘^\ 
Also, since (e', e') = 0 implies (e, /) ^ 0, hence we have 

f = b{e-e') with b = 


Now write 

where X^'^ is any direct complement of in the space If y 7 ^ 0, then 

y G X^'^ implies {y,y) > 0. For such a vector y, the vector 


y' ■■= e' 


{e',y) 

{y,y) 


■ y- 


is in A^®^ and therefore (j/', y') > 0 . 
On the other hand 


\{e\y)? 

{y,y) 


{y',y') = ie',y') 
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Hence y e implies that = 0, i.e., 

(e,!/) = jJ3 (/.»), 

which together with y G leads to (/, y) = 0. Thus y G X^'^ implies y G X^f\ 
On the other hand x G X^^'^ and f = b(e — e') imply (/,a;) = —h{e',x) = 0 
due to the fact that e', a; G Xq^\ 

Hence x G Xq^'^ implies (a:, /) = 0, i.e., x G X^^\ 

From C X^^'^ and C X^^'> we get X^‘^'> C X^^\ Since e ^ X^^'> and 
X = L(e)©X(^), we deduce X^®) = X^-^^ and then (•,•) is positive semi-definite 
on X^f\ 

The theorem is completely proved. | 

In the case of complex linear spaces we may state the following result as well 

m 

Theorem 2 (Kurepa, 1968). Let X be a complex linear space and (•, •) a her- 
mitian functional on X. 

(1) The functional (•,•) is semi-definite on X if and only if there exists at 
least one veetor e G X with (e, e) 0 such that 

(1-9) [Re(e,y)]^ < (e,e) (y,y), 

for all y G X; 

(2) There is no nonzero Hermitian functional (•,•) such that the inequality 

(1.10) [Re(e,y)]^ > (e,e) (y,y), (e,e)y^0, 

holds for all y G X and for an e G X. 

Prooe. We follow the proof in [^. 

Let (T and r be real numbers and x G X^^'> a given vector. For y := {a -\- ir) e-\-x 
we get 

(1.11) [Re (e, y)f - (e, e) (y, y) = -r^ (e, ef - (e, e) (a:, a:). 

If (•, •) is semi-definite on X, then CUJ implies Ol) . 

Conversely, if 11.911 holds for all y G X and for at least one e G X, then (•, •) 
is semi-definite on X*^®Z But 113 and inu for T = 0 lead to — (e, e) (a;, a;) < 0 
from which it follows that (e,e) and (x,x) are of the same sign so that (•, •) is 
semi-definite on X. 

Suppose that (•, •) 7 ^ 0 and that iurnii holds. We can assume that (e,e) < 0. 
Then (II.IOII implies that (•, •) is positive semi-definite on X^^Z On the other hand, 
if T is such that 

T > -7 -r, 

(e,e) 

then 11.1111 leads to [Re(e,y)]^ < (e, e) (y,y), contradicting 11 . 1011 . 

Hence, if a Hermitian functional (•,•) is not semi-definite and if — (e,e) 0, 

then the function y 1 —s- [Re(e,y)] — (e, e) (y,y) takes both positive and negative 
values. 

The theorem is completely proved. | 
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1.2.2. Schwarz’s Inequality for the Complexification of a Real Space. 

Let X be a real linear space. The complexification Xc of X is defined as a com¬ 
plex linear space X x X oi all ordered pairs {x,y} {x,y S X) endowed with the 
operations: 

{x, y} + {x', y'} := {x + x\y + y'} , 

(cr -I- ir) ■ {x, y} := {crx — ry, ax + ry} , 

where x, y, x', y' & X and cr, r G R (see for instance [^). 

li z = {x, y} , then we can define the conjugate vector z oi zhy z \= {x, —y} . 
Similarly, with the scalar case, we denote 

Rez = {x,0} and Im2::={0, y}. 

Formally, we can write z = x iy = Re z + i Im z and z = x — iy = Re z — i Im z. 

Now, let (•,•) be a Hermitian functional on X. We may define on the com¬ 
plexification Xc of X, the complexification of (•, •), denoted by (•, and defined 
by: 

(x -f iy, x' + iy'),^ := (x, x') -f (y, y') + i [(y, x') - (x, y')], 
for X, y, x', y' G X. 

The following result may be stated [5]: 

Theorem 3 (Kurepa, 1968). Let X, Xc, (•,•) and (•,•)€ xbove. An 

inequality of type El) and holds for the functional (•, Oc space Xc if 

and only if the same type of inequality holds for the functional (•, •) in the space X. 

Prooe. We follow the proof in [^. 

Firstly, observe that (•, •) is semi-definite if and only if (•, ■)^ is semi-definite. 
Now, suppose that e G X is such that 

|(e,y)|^ > (e,e) (y,y), (e,e)<0 

for all y G X. Then for x, y G X we have 

|{e,x-f iy)cl^ = [(e,x)]^ -f [(e,y)]^ 

> (e,e) [(x,x) -f (y,y)] 

= (e,e) (x + iy,x + iy)^ . 

Hence, if for the functional (•, •) on X an inequality of type E3 holds, then the 
same type of inequality holds in Xc for the corresponding functional (•, •){.. 
Conversely, suppose that e, / G X are such that 

(1.12) \{e + if,x + iy)cl^ >[e + if,e + if )^ (x + iy,x + iy),^ 
holds for all X, y G X and that 

(1.13) (e + if,e + if)^ = (e, e) -h (/, /) < 0. 

li e = af with a real number a, then 11.1311 implies that (/, /) < 0 and 11.1211 
for y = 0 leads to 

[if,x)f > (/,/) (x,x), 

for all X G X. Hence, in this case, we have an inequality of type E3 for the 
functional (•, •) in X. 

Suppose that e and g are linearly independent and by X = L (e, /) let us denote 
the subspace of X consisting of all linear combinations of e and /. On Y we define 
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a hermitian functional D by setting D (x, y) = {x, y) for x,y G Y. Let Dc be the 
complexification of D. Then (trull implies: 

(1.14) \Dc{e + if,x + iy)f 

> Dc{e + if, e + if) Dc {x + iy,x + iy), x,y G X 


and implies 

(1.15) D{e,e) + Dif,f)<0. 

Further, consider in T a base consisting of the two vectors {ui,U 2 } on which D is 
diagonal, i.e., D satisfies 


D {x, y) = Xixiyi + X 2 X 2 y 2 , 


where 


X = XiUi+X2U2, y = yiUi+y2U2, 

and 

Xi=D{ui,Ui), X 2 =D{u 2 ,U 2 ). 

Since for the functional D we have the relations HI.1511 and (CH, we conclude that 
D is not a semi-definite functional on Y. Hence Ai • A 2 < 0, so we can take Ai < 0 
and A 2 > 0. 

Set 

A:+ := {j;| (x, e) = (x, /) = 0, x G X} . 

Obviously, (x, e) = (x, /) = 0 if and only if (xiUi) = (X 2 U 2 ) = 0. 

Now, \i y G X, then the vector 


(1.16) 


x:=y- 


iy,ui) _ {y,u2) 

{ui,Ul) {U2,U2] 


belongs to From this it follows that 


X = L(e,/) 0 X+. 


Now, replacing in (11.1211 the vector x + iy with z G X^, we get from (II.LH that 


[(e,e) -k (/,/)] {z,z) < 0 , 

which, together with Hl.ldll leads to {z,z) > 0. Therefore the functional (•, •) is 
positive semi-definite on X'^. 

Now, since any y G X is of the form itriTni . hence for y G we get 

i.y,y) = {x,x) + 


which is a nonnegative number. Thus, (•,•) is positive semi-definite on the space 
Since (mi,mi) < 0 we have [{ui,y)\ > {ui,ui) {y,y) for any y G X and the 
theorem is completely proved. | 
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1.3. Superadditivity and Monotonicity 

1.3.1. The Convex Cone of Nonnegative Hermitian Forms. Let X be 

a linear space over the real or complex number field K and let us denote by Ti (X) 
the class of all positive semi-definite Hermitian forms on X, or, for simplicity, non- 
negative forms on X, i.e., the mapping (•, •) : X x X ^ K belongs to H (X) if it 
satisfies the conditions 

(i) {x, x) > 0 for all x in X] 

(ii) {ax + Py, z) = a (x, z) + P {y, z) for all x,y G X and a, /3 G K 
(hi) {y, x) = {x, y) for all x,y G X. 

1 . 

If (•, ■) G H {X), then the functional |j-|| = (•, •)^ is a semi-norm on X and the 
following equivalent versions of Schwarz’s inequality hold: 

(1-17) \\xf\\yf>\{x,y)f or ||x|| ||?/|| > |(x,y)] 

for any x,y G X. 

Now, let us observe that TL {X) is a convex cone in the linear space of all 
mappings defined on X^ with values in K, i.e., 

(e) (•, Or. (•> •)2 e {X) implies that (•, Oi + (•, •)2 e ); 

(ee) a > 0 and (•, ■) G H {X) implies that a (•, ■) G H (X). 

We can introduce on (X) the following binary relation [2: 

(1.18) (•, •)2 — (■> Oi if and only if ||x ||2 > ||x||^ for all x G X. 

We observe that the following properties hold: 

(b) (•, •)2 > (u Or for all (•, •) G (X); 

(bb) (•, Oa > (•, •)2 and {■,-)^ > (•, •)^ implies that (•, Oa > (•, Oi i 

(bbb) (•, •)2 > (•, ■)i and (•, Oi > (•, •)2 implies that (•, = (u Oi i 

i.e., the binary relation defined by is an order relation on Ti. {X). 

While (b) and (bb) are obvious from the definition, we should remark, for 

(bbb), that if (•,-)2 — (’> Oi and (uOi ^ (■g )2 ’ obviously ||x ||2 = ||x||^ for all 

X G X, which implies, by the following well known identity: 

(1.19) {x,y)f, 

■= I II2; + y\\l - II* - yfk + * (11* + *2/llfc - II* - *yllfc) 

with x,y G X and k G {1, 2}, that (x, y)^ = (x, ?/)j^ for all x,y G X. 

1.3.2. The Superadditivity and Monotonicity of cr—Mapping. Let us 

consider the following mapping [J: 

a :n{X)x X'^ ^ K+, a {{■,■) ;x,y) := ||x|| ||y|| - |(x,y)|, 

which is closely related to Schwarz’s inequality (tTTTIl . 

The following simple properties of a are obvious: 

(s) cr {a (•, •) ;x,y) = aa ((•, •) ;x,y); 

(ss) cr ((•,•) ;y,x) = cr ((•,•); x, y); 

(sss) cr ((•, •); *i y) > 0 (Schwarz’s inequality); 
for any a > 0, (•, ■) GH {X) and x,y G X. 

The following result concerning the functional properties of cr as a function 
depending on the nonnegative hermitian form (•, •) has been obtained in 
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Theorem 4 (Dragomir-Mond, 1994). The mapping a satisfies the following 
statements: 

(i) For every (•, ■)^ G TL (X) {i = 1, 2) one has the inequality 

( 1 . 20 ) + {■,-)2;x,y) 

> c^((-,-)i ;a;,?/) + a{{-,-)^;x,y) (> 0) 

for all x,y G X, i.e., the mapping a (•; x, y) is superadditive on TL (X); 

(ii) For every (•, •)^ G TL {X) (i = 1, 2) with (•, •)2 > (•, Oi one has 

(1-21) a{{-,-)^;x,y)>a{{-,-)^;x,y) (> 0) 

for all x,y G X, i.e., the mapping a {■;x,y) is nondecreasing on TL {X). 
Proof. We follow the proof in [J. 

(i) By the Cauchy-Bunyakovsky-Schwarz inequality for real numbers, we have 

(a? + 6^) ^ (c^ + ^ > oc + bd; a, b,c,d> 0. 

Therefore, 

+ (•u)2;2;,y) 

= (lla^ll? + \\x\\fj " (bill + WvWfj " - |(a;,y)i + (a;,y)2l 
> bill bill + bb bb - Ib.bil - \ix,y)2\ 

= or{{-,-)-i^;x,y) + a{{-,-).^;x,y), 

for all (•, b G TL {X) {i = 1, 2) and x,y G X, and the statement is proved. 

(ii) Suppose that (•,-)2 > (l Oi define (•,-) 2 i ■“ (■>’)2 ~ (’u)!- It is 
obvious that (•, b i is a nonnegative hermitian form and thus, by the 
above property one has, 

f^((T)2 > OF ((•,-)2,i + i-G)i;x,y^ 

> ((•>-)2,i +^ii-G)i;x,y) 

from where we get: 

(X ii-G) 2 '^x,y) - cr((-, ■)j^;x,y) > a ((•, b.i; 2 ;, 2 /) > 0 
and the proof of the theorem is completed. 

I 

Remark 1 . If we consider the related mapping 

CTr ((•, •); X, y) := bll bll - He (a:, y ), 

then we can .show, as above, that a[-',x,y) is superadditive and nondecreasing 
on TL (X). 

Moreover, if we introduce another mapping, namely, U 

T : TL {X) X X"^ ^ R+, t {{■,■) ;x,y) := (b|| + bll)^ - b + 2/f . 
which is connected with the triangle inequality 
(1.22) |b + y|| < bll + bll for any x,y G X 
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then we observe that 

(1.23) r ((•, •) ;x,y) = 2(jr ((•, •); x, y) 

for all (•, •) € (X) and x,y G X, therefore a (•; x, y) is in its turn a superadditive 

and nondecreasing functional on Ji (X) . 

1.3.3. The Superadditivity and Monotonicity of (5— Mapping. Now con¬ 
sider another mapping naturally associated to Schwarz’s inequality, namely [J 

6:n{X)xX^^ M+, 6{{;-)-,x,y) := ||xf \\yf - \{x,y)f . 

It is obvious that the following properties are valid: 

(i) S ((•, ■); x,y) > 0 (Schwarz’s inequality); 

(ii) S ((-,-);x,y) = S ((■,■); y, x); 

(hi) S (a (■, •) ;x,y) = a^S ((•, •); x, y) 

for all a;, y G X, a > 0 and (•, •) G {X). 

The following theorem incorporates some further properties of this functional 

m: 

Theorem 5 (Dragomir-Mond, 1994). With the above assumptions, we have: 
(i) If (u ■)i e H (II) (* = 1.2), then 


(1.24) (5 ((•, Oi + (•, ■) 2 ',x,y) - S ((•,-)i ;a:,y) - 6 {{■,-) 2 ;x,y) 


i.e. 

the mapping 

<5(-; 

X, y) is strong superadditive on H 

(V). 

(ii) Ifi 

rh^niX) 

(z = 

1,2), with (•,-)2 

> (•, Oi, then 


(1.25) (5((-, 

■) 2 ;x,y)-d 

i',x,y) 





( 


l|2:|li 


bill 



> det 

/ 


O \ 2 

/ O O \ ^ 



"1 

[0 

a :||2 - ||a; 

1?) 

(ll2/ll2-bll?) 

) 

i.e. 

the mapping 

<5(-; 

X, y) is strong n 

ondecreasing on {X) 

Proof. 

(i) For all (•, 


n {X) {i 

= 1,2) 

and x,y G X we 

have 

(1.26) 

<5((-,-)i + (- 

■)2 

x,y) 





= (lkll2 - 

Nl? 

) {\\y\\l- 

- Ily|l?) 

- \ix,y)2 + {x,y] 

il^ 


> 11^112 bll' 

+ 1 

^WlhWl 

+ lkll? 

\y\\l + Ml\\y\\l 



- 

(1(2:, 

y)2\ + M^y)i\f 




+ lla^ll? hWl + Ml \\yfi - 2 \{x,y )2 ix,y)i\■ 


By Schwarz’s inequality we have 

(1-27) \{x,y)2 {x,y)i\ < llxlli llylli ||x||2 ||y||2 , 
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therefore, by and 07ll . we can state that 


<5 ((-u)! + (•u)2 - Hi-,-)i;x,y) - S{{-,-)2;x,y) 

>Ml\\y\\l + \\x\\l\\y\\l-2\\x\\,\\y\\,\^^^^^ 

= (ll^lli 112/112-11^112 bill)' 


and the inequality is proved. 

(ii) Suppose that (•, •)2 > (•, Oi and, as in Theorem^ define (•, •)2 i ■= (•, •)2 ~ 
(•, •)j^ . Then (•, •)2 is a nonnegative hermitian form and by (i) we have 


^ ((•>')2.i ;3:,2/) -Hi-,-)i;x,y) 

~ ^ ') 2,1 (’’’)l )2^i2/^ ~ '^((■) Ol : X,y) 


> s 




+ 



> 



bill 

bll2,i 



bill 

bb.i 



2 


Since ||z|| 2 _i 




for z G X, hence the inequality 11.2511 is proved. | 


Remark 2. If we consider the functional 5r ((•, •); x, y) := ||a:||^ ||y||^—[Re (x, y)]^ , 
then we can state similar properties for it. We omit the details. 


1.3.4. Superadditivity and Monotonicity of /3— Mapping. Consider the 
functional P : H (X) x ^ M. defined by |5] 

(1-28) P{{-,-);x,y) = (bfbf - \{x,y)fy . 

1 

It is obvious that /3 ((•,•); x, y) = [5 ((•,•); x, y)] ^ and thus it is monotonic non¬ 
decreasing on H (X). Before we prove that P {■•,x,y) is also superadditive, which 
apparently does not follow from the properties of 5 pointed out in the subsection 
above, we need the following simple lemma: 


Lemma 1. //(•, •) is a nonnegative Hermitian form onX,x,y G X and ||y|| ^ 0, 
then 


(1.29) 


inf llx 
agk 


Ayf 


bfbf-lb,2/)l^ 

Il2/f 


Proof. Observe that 


||x-Ayf = ||xf-2Re[A(x,y)] + |Aniyf 

and, for ||y|| 7 ^ 0 , 


bf bf - \{x,y)\^ + i^Wyf - {x,y) 


bll 


= llxlr - 2 Re 


p,{x,y) +|Ml^bll'. 
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and since Re [A {x, y)] = Re [A (a;, y)] = Re A(a:, y) 


we deduce the equality 
2 


(1.30) 


||a:-Ay|| = 


lly|l - \{x,y)\ + y\\y\\ - {x,y) 


bll 


for any x,y G X with ||y|| ^ 0. 

Taking the infimum over A G K in ll.dOII . we deduce the desired result 


For the subclass JV {X), of all inner products defined on X, of Ti. {X) and 
y ^ 0, we may define 


7((-, ■)',x,y) = 


\xf\\yf-\{x,y)f 


hr 

^ H{-G)',x,y) 

\\yf 

The following result may be stated (see also |5]): 

Theorem 6 (Dragomir-Mond, 1996). The functional ^ {■; x,y) is superadditive 
and monotonic nondecreasing on ffV (X) for any x,y G X with y 0. 

Proof. Let (•, •)^, (•, •)2 G JV (X). Then 

(1.31) 7((-,-)i + (•>')2;a:,2/) 


xh + lla;|lo 


? + II2/II2) - \h,y)i + (.x,y).^ 


= inf 
xgk L 


Il2/ll?ll2/ll2 


\x - Aylli + llx- Ay||2 


and for the last equality we have used Lemma ^ 
Also, 


(1.32) 


7 ((•,•)*; 2;, y) = 


\xfr\y\\"-\ivy)f 


\\y\\t 


= |n|l|a;-Ay||i , z = l,2. 


Utilising the infimum property that 


inf (/ (A) 


.S(A))> i„(J(A) 


inf g (A). 
agk^ ^ '' 


we can write that 


inf 

AeK 


\\x 


VII? + l|a; 



> inf 
agk 


l| 2 ;-Ay||?+ inf ||a; 


VII 


2 

2 > 


which proves the superadditivity of 7 (•; a:, y). 

The monotonicity follows by the superadditivity property and the theorem is 
completely proved. | 
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Corollary 1. If s JV{X) with (•,-)2 > (■)■)! x,y G X are such 
that x,y ^ 0, then: 


(1.33) 


s((•,> max ■ 


Ml Ikll2' 


{wvWVmI 


Hi-G)i-,x,y) 


or equivalently, [2] 

(1.34) 5 {{■,-)^-,x,y) - S{{-,-)^;x,y) 

^|2/Il2-Il2/Il? Ikll2-Ikll?' 


> max ■ 


\y\\t 


<5 ((•, ■)i]x,y). 


The following strong superadditivity property of S (•; x, y) that is different from 
the one in Subsection II. 3. 21 holds |^: 

Corollary 2 (Dragomir-Mond, 1996). If (uOi £ x,y G X with 

x,y 0, then 


(1.35) S ((•,-)i + (•, ■)2',x,y) - 6 {{■,-)j^]x,y) - <5 ((•, Oz ; a;, y) 
> max 


+ U(vL;»^.!/)| (>o). 


Proof. Utilising the identities (11.3111 and HI.3211 and taking into account that 
'y{-',x,y) is superadditive, we can state that 


(1.36) 


^({•>-)i + (•u)2;a:,y) 

IMI? + lly|l2 


> 




■ Ml Ml 

= Hi.-G)i\x,y) + 5{{-,-)^-,x,y) 


+ 


M 

Ill/ll 




and a similar inequality with x instead of y. These show that the desired inequality 
(11.3511 holds true. | 


Remark 3. Obviously, all the inequalities above remain true if (•, •)j , i = 1, 2 
are nonnegative Hermitian forms for which we have ||a;||j, ||?/||j 0. 

Finally, we may state and prove the superadditivity result for the mapping /3 
(see m): 

Theorem 7 (Dragomir-Mond, 1996). The mapping f3 defined by is su¬ 

peradditive onTL{X). 

Prooe. Without loss of generality, if (y^i ^ ^^id x,y G X, we may 

assume, for instance, that ||y||j 0 , z = 1 , 2 . 
















1.4. APPLICATIONS FOR GENERAL INNER PRODUCT SPACES 


13 


If SO, then 

(li*) ^“■'■'‘■"■''’+(0;) 

> 2 [5 ((•, ■)^;x,y)6{{-,-)^;x,y)]^ , 

and by making use of itT^a we get: 

^((•>')i + (T)2;a:,y) > |[(5((-,-)i + [(5((-,-)2 , 

which is exactly the superadditivity property for /3. | 

1.4. Applications for General Inner Product Spaces 

1.4.1. Inequalities for Orthonormal Families. Let {H; (•,•)) be an inner 
product space over the real or complex number field K. The family of vectors E := 
{ciljg/ (I is a finite or infinite) is an orthonormal family of vectors if (cj, ef) = 5ij 
for i,j G I, where Sij is Kronecker’s delta. 

The following inequality is well known in the literature as Bessel’s inequality: 

( 1 . 37 ) ^\\x\f 

ieF 

for any F a finite part of I and x a vector in H. 

If by T (!) we denote the family of all finite parts of I (including the empty set 
0), then for any F £ F {I) \ {0} the functional (•, ■)p : H x H ^ K. given by 

( 1 . 38 ) {x,y)p :='^{x,ei) {ei,y) 

jgf 

is a Hermitian form on H. 

It is obvious that if Fi, F2 G F (/) \ {0} and Fi n F2 = 0 , then (•, OfiuFj = 
(’i Ofi + (■; ■)f 2 ■ 

We can define the functional a : F (I) x R+ by 

( 1 - 39 ) a{F-,x,y) := ||a:||j. ||2/||j. - \{x,y)p \, 

where 



The following proposition may be stated (see also [2|): 

Proposition 1 (Dragomir-Mond, 1995). The mapping a satisfies the following 

(i) If Fi, F 2 £ F (/) \ {0} with Fi n F 2 = 0 , then 

a (Fi U F 2 ; x,y)>a (Fi; x, y) + cr (F 2 ; a;, y) (> 0) 

for any x,y G H, i.e., the mapping a (•; x, y) is an index set superadditive 
mapping on F (1); 

(ii) If 0 Fi C F 2 , Fi,F 2 G F (/), then 

<x{F2]x,y)>a{Fi;x,y) (> 0 ), 

i.e., the mapping a {■;x,y) is an index set monotonic mapping on F (/). 
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The proof is obvious by Theorem 01 and we omit the details. 

We can also define the mapping (Tr (•;•,•): IF (J) x —> R+ by 

cTr {F-,x,y) := ||a;||p, ||?/||p, - Re{x,y)p., 

which also has the properties (i) and (ii) of Proposition ^ 

Since, by Bessel’s inequality the hermitian form < (•,•) in the sense of 

definition (11.1811 then by Theorem 0| we may state the following refinements of 
Schwarz’s inequality [J: 

Proposition 2 (Dragomir-Mond, 1994). For any F S IF (/) \ {0} , we have 
the inequalities 


(1.40) ||x||||2/||-|(x,2/)| 



and 



^ {x,e^) {ei,y) 
ieF 


(1.41) ||x||||i/||-|(x,2/)| 


> 


-EK^ 

ieF 



jgf 


1 . 

2 


{x,y) - E 

IGF 


and the corresponding versions on replacing j-j by Re(-), where x,y are vectors in 
H. 


Remark 4. Note that the inequality mg) and its version for Re (•) has been 
established for the first time and utilising a different argument by Dragomir and 
Sdndor in 1994 (see Theorem 5 and Remark 2]). 

If we now define the mapping 6 : F (!) x FI^ ]R_|_ by 
S{F;x,y) := ||a;||^ |jy||^ - \{x,y)pf 
and making use of Theorem 01 we may state the following result 1^. 

Proposition 3 (Dragomir-Mond, 1995). The mapping 5 satisfies the following 
properties: 

(i) If Fi, F 2 G F (/) \ { 0 } with Fi n F 2 = 0, then 


(1.42) 6 {Fi U F 2 ]x,y) - 6 {Fi-,x,y) - 6 {F 2 ;x,y) 


> 



IkllF, 

II^IIe. 



(> 0 ), 


i.e., the mapping 5 (•; x, y) is strong superadditive as an index set mapping; 
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(ii) If 0 ^ Fi C F 2 , Fi, F 2 G {!), then 
(1.43) 6 {F 2 ;x,y) - S{Fi-,x,y) 



i.e., the mapping S{-]x,y) is strong nondecreasing as an index set map¬ 
ping. 

On applying the same general result in Theorem [3 (ii) for the hermitian func¬ 
tionals (•, ■)p {F G F (I) \ { 0 }) and (•, •) for which, by Bessel’s inequality we know 
that (•, ■)p < (•, •), we may state the following result as well, which provides refine¬ 
ments for the Schwarz inequality. 

Proposition 4 (Dragomir-Mond, 1994). For any F G F {I)\{ 0 }, we have 
the inequalities: 


(1.44) \\xf\\yf-\{x,y)\^ 

0 

> ^ |(a;,ei)|^^ |(?/,e,)|^ - 

Z 

^ {x,e,) {ei,y) 

IGF iGF 

ieF 

and 


(1.45) \\x\n\yf-\{x,y)f 



(> 0 ) 


> kr 


-^|(a;,e*)n M|?/f - ^ Ky, e,)n 

IGF / V IGF / 

- {x,y) - ^{x.Ci) {e^,y) 


i&F 


(> 0 ), 


for any x,y G H. 


On utilising Corollary 13 we may state the following different superadditivity 
property for the mapping S (•; x, y). 


Proposition 5. If Fi,F 2 G F (/) \ { 0 } with Fi n p 2 = 0 , then 


(1.46) 


5 (Fi U F 2 ]x,y) - 6 {Fi-,x,y) - 6 {F 2 ;x,y) 


> max 



^ {Fi;x,y) 



2 


5 {F2;x,y ); 


'vII^IIfJ 


2 

S {Fi]x,y) 



S {F2\x,y) 


(> 0 ) 


for any x,y G II\ {0} . 

Further, for y ^ where M = Sp{ei}^^J is the linear space spanned by 
E = {ei}-gj, we can also consider the functional 'y : F {!) x H'^ R_|_ defined by 

HF;x,y) ^ 11x11^ ||y||^ - \ix,y)pf 

Ml Ml 


l{F;x,y) : 
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where x G H and F ^ 0. 

Utilising TheoremEl we may state the following result concerning the properties 
of the functional 7 (•; a;, y) with x and y as above. 

Proposition 6 . For any x G FI and y G the functional 7 (-;a;,y) is 

superadditive and monotonic nondecreasing as an index set mapping on T (/). 

Since (•, •) > (•, •)p for any F G IF (/), on making use of Corollary^ we may 
state the following refinement of Schwarz’s inequality: 

Proposition 7. Let x G H and y G H\Mp, where Mp := Sp{ei}^^j and 
F G F {I)\{0} is given. Then 


(1.47) llxf \\yf - \{x,y)f > max. 


Ily|| 




El 


(a;,ei)|^^ |(y, 
OGF iGF 


e,.)f - 


^ {x,e,} {ei,y) 


i£F 


> ^ |(x,ei)|^^ |(y, 


iGF 


iGF 


^ {x,ei) {ei,y) 


iGF 


which is a refinement of in the case that y G H\Mp. 

Finally, consider the functional fi : F {!) x K.+ given by 

P{F]x,y) := [SiF;x,y)]^ = (||a;||^ ||y||^ - |(a:," . 


Utilising Theorem [TJ we may state the following: 

Proposition 8 . The functional (3 (•; x, y) is superadditive as an index set map¬ 
ping on F (/) for each x,y G H. 

As a dual approach, one may also consider the following form (■> ')c,F : H X H ^ 
K given by: 


(1.48) {x,y)c,F ■= {x,y) - {x,y)p = {x,y) - ^ {x,ei) {ei,y). 

iGF 

By Bessel’s inequality, we observe that (■’ Oc.F is a nonnegative hermitian form 
and, obviously 

(•,•)• 


(’i ■)/ + (u Oc.F “ 
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Utilising the superadditivity properties from Section o one may state the follow¬ 
ing refinement of the Schwarz inequality: 


(1.49) ||x||||i/||-|(x, 2 /)| 


KiGF 


i&F 


|a;f 

iGF 


^ {x,ei) {e^,y) 

ieF 

1 

llyf 

V IGF / 

{x,y) -^(a:,e4 {ei,y) 


iGF 


(> 0 ), 


(1.50) \\xf\\yf-\{x,y)\^ 

> |(a;,ei)|^^ |(y,ei)|^ - 


and 


iGF ieF 

\ IGF / 


Y {ei,y) 

ieF 

lll/f 

V IGF / 

i^^y) - Y 


IGF 


(1.51) (llcrf ||yf-|(a:,y)|^)^ 


> 


+ 



Y i^Fi) (ei,2/) 

iGF iGF 

iGF 


-^|(a;,ei)n M|?/f - ^ |(y,ei)n 
IGF / V IGF / 

(a;, 2/) - Y 


IGF 


for any x,y G H and F G F {I)\ {0} . 


(> 0 ) 


(> 0 ), 


1.4.2. Inequalities for Gram Determinants. Let {xi,... ,Xn} be vectors 
in the inner product space {H, {■,■)) over the real or complex number field K. 
Consider the gram matrix associated to the above vectors: 


G(xi,... ,x„) 


(xi,Xi) (xi,X2) ••• (xi,X„) 

(x2,Xl) ••• {X2,Xn) 

{Xn,Xi) (X„,X2) ••• {Xn,Xn) 
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The determinant 

r (cci, ... ,Xn) := det G (xi, .. . ,Xn) 

is called the Gram determinant associated to the system {xi,..., Xn} ■ 

If {xi ,..., Xn} does not contain the null vector 0, then [ 3 ] 

(1.52) 0 < r (xi, ...,Xn)< ||a;i||^ ||a^ 2 ||^ • • • ||a;n||^ • 

The equality holds on the left (respectively right) side of 11.5211 if and only if 
{xi,...,x„} is linearly dependent (respectively orthogonal). The first inequality 
in 11.5211 is known in the literature as Gram’s inequality while the second one is 
known as Hadamard’s inequality. 

The following result obtained in may be regarded as a refinement of Gram’s 
inequality: 

Theorem 8 (Dragomir-Sandor, 1994). Let {xi,..., Xn} be a system of nonzero 
vectors in H. Then for any x,y G H one has: 

(1.53) r(x,xi,...,xn)r(?/,xi,...,x„) > |r(xi,... ,x„) (x, y)|^ , 
where T (xi,..., x„) (x, y) is defined by: 


T (xi,... ,x„) (x,y) 


:= det 


(x,y) (x,xi) 

{xi,y) 

G (xi, . . . , Xn ) 

{xn,y) 


Proof. We follow the proof from [^. 

Let us consider the mapping p : H x H M. given by 


p{x,y) = T{xi,...,Xn){x,y). 


{x,Xn) 


utilising the properties of determinants, we notice that 
p{x,y) =T{x,xi,..., Xn) > 0, 
p (x + y, z) = T (xi,..., x„) (x + y, z) 

= T (xi,..., x„) (x, z) + r (xi,..., Xn) (y, z) 
= p{x,z) +p(y,z), 
p {ax, y) = ap (x, y), 
p{y,x) =p{x,y), 


for any x,y,z G H and a G K, showing that p (•, •) is a nonnegative hermitian from 
on X. Writing Schwarz’s inequality for p (•, •) we deduce the desired result oa . I 


In a similar manner, if we define q : H x 7L —> K by 

n 

q{x,y) := (x, y) ||xif - p (x, y) 

n 

= (x, y) n 11^*11^ - r (xi,..., x„) (x, y), 

i=l 

then, using Hadamard’s inequality, we conclude that q{-,-) is also a nonnegative 
hermitian form. Therefore, by Schwarz’s inequality applied for q (•, •), we can state 
the following result as well |3| : 
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Theorem 9 (Dragomir-Sandor, 1994). With the assumptions of Theorem\^ 
we have: 


(1.54) 


n 

n 

{x,y)Y[ \\Xi\f -r{xi,...,Xn){x,y) 


> 


for each x,y G H. 

Observing that, for a given set of nonzero vectors {si,..., Xn} , 


P{x,y) + q{x,y) = [x,y)Y\\\xi\\^ , 

i=l 

for any x^y € H, then, on making use of the superadditivity properties of the 
various functionals defined in Section ll.dl we can state the following refinements of 
the Schwarz inequality in inner product spaces: 


(1.55) [||a;|| ||?/|| - |(a:, i/)|] ||a:,f 

2=1 


> [r {x,xi, .. 

1 

,Xn)T {y,Xi, . . . , Xn)] - |r {Xi, . 

..,Xn)[X 
1 

+ 

n 

i^l 

2 

X 

n 

\\y\\^ W\\x^\\^ - {.y,xi,... ,xn) 
2=1 

1 

2 


- 

n 

2=1 

Xn) {x,y) 


(1.56) 


- \{x,y)f] n 


r {x,xi,.. .,Xn)T{y,xi, ... ,a;„) - |r (xi,... ,ai„) (a;,y)|^ 


' - r {x,xi,. ..,Xn) 

2=1 
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n 

y) n - r (xi,..., a;„) {x, y) 
2=1 


(> 0 ), 


and 


(1.57) [||a;|| ||?/|| - \{x,y)\]^ \\x^ 


> 


r {x,xi,... ,Xn)T {y,xi, ... ,a;„) - |r (xi,... ,x„) {x,y)\'‘ 


lla;||^]^ ||xi||^ - r(x,xi,... ,x„) 




(x, y) Jl \\xi\\^ - r (xi,..., x„) (x, y) 
2=1 


(> 0 ). 


1.4.3. Inequalities for Linear Operators. Let A : H ^ H he a linear 
bounded operator and 

||A|| :=sup{Px|M|x|| <1} 

its norm. 

If we consider the hermitian forms (•, •)2 , (■, ■)i : H H defined by 

(x, y)^ := {Ax, Ay) , (x, y)^ := \\Af (x, y) 

then obviously (•,-)2 > (t)! the sense of definition and utilising the 

monotonicity properties of the functional considered in Section o we may state 
the following inequalities: 


(1.58) 


|Af [||x|| ||y|| - |(x, 2 /)|] > Px|| \\Ay\\ -\{Ax,Ay)\ (> 0). 


(1.59) Pf \\xf\\yf-\{x,y)\^ 


>\\Axf\\Ayf-\{Ax,Ay)\^ (> 0) 


for any x,y G H, and the corresponding versions on replacing j-j by Re (•). 

The results and ifT3?lli have been obtained by Dragomir and Mond in 


m 


On using Corollary ^ we may deduce the following inequality as well: 


(1.60) Pf ||xf ||yf-|(x,y)|^ 


> max • 


ll^f \\yf 


WAxf’WAyf 


\Axf\\Ayf-\{Ax,Ay)f (> 0) 


for any x,y G H with Ax, Ay ^ 0; which improves 11.5911 for X, y specified before. 
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Similarly, it B : H ^ H is a linear operator satisfying the condition 

(1.61) ||i?a;|| > m ||a;|| for any x £ H, 

where to > 0 is given, then the hermitian forms [x,y \2 '■= {Bx,By), [x,y\-y := 
rn? {x,y) , have the property that [•, •]2 > [•, • Therefore, from the monotonicity 

results established in Section o we can state that 

(1.62) \\Bx\\\\By\\-\{Bx,By)\>m^[\\x\\\\y\\-\{x,y)\] (> 0), 


(1.63) 


\\Bx\\^\\Byf-\{Bx,By)\^ 


> TO 


\x\\^\\y\\^-\{x,y)t 


(> 0 ) 


for any x,y £ H, and the corresponding results on replacing j-j by Re (•). 
The same Corollary ^ would give the inequality 


(1.64) WBxfWByf 


\{Bx,By)\^ 

\ 2 
> m max 


\\Bx\f llRyf ] 

Ikf ’ IMI' J 


ll^f bf 


\{X:y)? 


for x,y 7 ^ 0 , which is an improvement of 11.6311 . 

We recall that a linear self-adjoint operator P : H H is nonnegative if 
(Px, x) > 0 for any x £ H. P is called positive if (Px, x) = 0 and positive definite 
with the constant 7 > 0 if (Px,x) > 7 ||x||^ for any x £ H. 

li A, B : H ^ H are two linear self-adjoint operators such that A > B 
(this means that A — B is nonnegative), then the corresponding hermitian forms 
(x, y)j^ := {Ax, y) and (x, y)^ := (Px, y) satisfies the property that (•, •)^ > (•, •)^ . 

If by V {H) we denote the cone of all linear self-adjoint and nonnegative 
operators defined in the Hilbert space H, then, on utilising the results of Section 
o we may state that the functionals cto, <5o) /Sq ■ B {H) x > [0, 00 ] given by 


<xo {P-,x,y) 
^0 (P;x,y) 

Pq {P;x,y) 


(Hx,x )2 {Py,y)^^ - |(Px,y)|, 
(Px,x) {Py,y) - \ {Px,y)\^ , 

1 

(Px,x) {Py,y) - \ {Px,y)f \' 


are superadditive and monotonic decreasing on V (H) , i.e., 


7o {P + <3; 2;, y) > 7o (^; y) + 7o (<3; v) (> o) 

for any P,Q £V {H) and x,y £ H, and 


lo{P',x,y)>jQ{Q-,x,y) (> 0) 

for any P, Q with P > Q > 0 and x,y £ PI, where 7 £ {cr, <5, /3} . 

The superadditivity and monotonicity properties of cto and Jq have been noted 
by Dragomir and Mond in [J. 

It u £V (P) is such that I > U > 0, where I is the identity operator, then on 
using the superadditivity property of the functionals (To,(5o and /3 q one may state 
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the following refinements for the Schwarz inequality: 

(1.65) ||a:|| ||?/|| - |(a:,y)| > {Ux,x)^ {Uy,y)^ - \{Ux,y)\ 

+ {{I-U)x,x)^ {{I-U)y,y)^ - \{{I-U)x,y)\ (> 0), 

(1.66) llxf \\yf - \{x,y)\‘^ > {Ux,x) {Uy,y) - \{Ux,y)f 

+ ((/ - U) X, x) ((/ - U) y, y) - \{{I - U) x, y)\^ (> 0), 

and 

(1.67) (||a;f ||yf - |(a;, 2 /)|^) " > {{Ux,x) {Uy,y) - \{Ux,y)\^'^ " 

+ (((/- U) X, x) ((/ -U)y,y)-\ ((/ - U) x, y) |") " (> 0) 

for any x,y G H. 

Note that (11.6711 is a better result than (11.6611 . 

Finally, if we assume that D G V {H) with D > 7 /, where 7 > 0, i.e., D is 
positive definite on H, then we may state the following inequalities 

( 1 . 68 ) (i:>x,x)^ (L>?/,y)5 - |(£)x,y)| > 7 [||x|| ||?/|| - |(x,y)|] (> 0 ), 


(1.69) {Dx, x) {Dy, y) - \ {Dx, y) \ 


> 7 


2 "xf ||j/f-|(x, 2 /)|^ (>0), 


for any x,y G H and 


(1.70) {Dx, x) {Dy, y) - \ {Dx, y) f' 


> 7 max 


{Dx,x) {Dy,y) 

Ikll" ’ \\yf 


\\xf\\yf-\{x,y)\^ 


(> 0 ) 


for any x,y G H\ {0} . 

The results and have been obtained by Dragomir and Mond in 

El 

Note that (11.7011 is a better result than (11.6911 . 

The above results (tost ~ (trTUI) also hold for Re (•) instead of I-]. 


1.5. Applications for Sequences of Vectors 

1.5.1. The Case of Mapping cr. Let Vf (N) be the family of finite parts of 
the natural number set N, 5+ (M) the cone of nonnegative real sequences and for a 
given inner product space (i7; (•,•)) over the real or complex number field K, S {H) 
the linear space of all sequences of vectors from H, i.e., 

S {H) {x|x = (xi)jgpj, XiG H, i e N} . 

Consider (•, ■)p j ■ S {H) x S {H) K defined by 

(x>y)p7 ■=^Pi {xi,yi). 

i£l 
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We may define the mapping a by 


(1.71) 


o-(p,/,x,y) 



i&I 


where p S 5+ (M ), I £Vf (N) and x, y G 5 (H). 

We observe that, for a I G 7^/(N) \ {0}, the functional (•,-)p 7 > (•c)q 7 , 
provided p > q > 0. 

Using Theorem 2] we may state the following result. 

Proposition 9. Let I G P/(N)\{0}, x, y G S{H). Then the functional 
fj (-j/jX, y) is superadditive and monotonic nondecreasing on 5-|- (R). 

If /, J G Vf (N) \ {0} , with /n J = 0, for a given p G 5+ (M), we observe that 

(1-'^^) (■’ ■)p./UJ = '^p.J • 

Taking into account this property and on making use of Theorem 01 we may state 
the following result. 

Proposition 10. Let p G 5+ (R) and x, y g 5 (H). 

(i) For any L,JGVf (N) \ {0} , with I (1 J = 0, we have 

(1.73) cr(p,/U J,x,y) > CT(p,/,x,y)+cr(p, J,x,y) (> 0), 

i.e., a (p, -jX, y) is superadditive as an index set mapping on Vt (N) . 

(ii) 7/0 7 ^ J C /, /, J G P/ (N), then 

(1.74) cr (p, /, X, y) > cr (p, J, X, y) (> 0), 

i.e., (t(p,- jX,y) is monotonic nondecreasing as an index set mapping on 
S+ (M). 


It is well known that the following Cauchy-Bunyakovsky-Schwarz (CBS) type 
inequality for sequences of vectors in an inner product space holds true: 


(1.75) 


E 

i^I 


Pi II ^2 I 


T 


Pt \\yt\? > 


E 


Pi {xi,yi) 


for I &Vf (N) \ {0} , p G 5+ (M) and x, y G 5 (H). 

If Pi > 0 for all i G I, then equality holds in if and only if there exists a 

scalar A G K such that Xi = Xyi, i G I. 

Utilising the above results for the functional cr, we may state the following 
inequalities related to the (CBS)-inequality (11.7511 . 
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(1) Let ai G M, Xi,yi G iL, i G {1,..., n} . Then one has the inequality: 


(1.76) 


2=1 




2=1 




2 • 2 

sin — 


^2=1 


2=1 


(xj, 1/4 sin^ Oi 


! = 1 


||xi||^ cos^ a 


1122*11 


2 2 
COS ai 


2 = 1 




> 0 . 


(2) Denote 5'„ (1) := {p G 5+ (R) \pi < 1 for alH G {1,..., n}} . Then for all 
Xi,yi € H, i G {1,..., n} , we have the bound: 


(1.77) 


Eii^^ii'Eii 22 *f 


0=1 


2=1 


n 

E (^*’ 2 /*) 

2=1 


= sup 

pGSnil) 


n n 

Ep* l|a;*f E^^* 


n 

'^Pi {xi,y^) 

i=l 


> 0 . 


(3) Let Pi > 0, Xi,yi G H, i G {1, ■. ■ ,n} . Then we have the inequality: 


(1-78) {^p^\\xif^p^\\y^\\^ 


El'* (^o2/*) 


'^P 2 k {X 2 k,y 2 k) 


fc=l 


ME P2k \\x2k\\^^P2k \\y2k\\^ j 

V/c=l fc=l / 

/ n n 

+ ( El’^fc-i l|a^2fe-i||^ El'^fe-i ||y2fc-i||^J 

n 

El' 2 fe-l {X 2 k-l,y 2 k-l) 


Kk=l 


k=l 


k=l 


(> 0 ). 


(4) We have the bound: 


(1.79) 


El'*ll^ill^El'*ll 22 ill' 


i=l 


= sup 

0#/C{l....,n} 


El** 


!=1 


El'* ii^*f El'* ii 22 *ir 


iGl 


iGl 


Ep* (^i>2/*) 


IGI 


> 0 . 
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(5) The sequence Sn given by 




Pi \\Xi 


WvA 


n 

i=l 


is nondecreasing, i.e., 


(1.80) Sk+i >Sk, k>2 

and we have the bound 

(1.81) Sn > ^max^^i^(pi \\xif + Pj ||aijf) " (p, \\y^f + Pj hjf) " 

- \Pi {x^,y^) +Pj {xj,yj)\ } > 0, 


for n >2 and Xi,yi G H, i G {1,..., n} . 


Remark 5. The results in this subsection have been obtained by Dragomir and 
Mond in U for the particular case of scalar sequences x and y. 


1.5.2. The Case of Mapping 6. Under the assumptions of the above sub¬ 
section, we can define the following functional 


(p,Ux,y) := ||y,||^ 

i£l iGl 


2 


'^Pi{xi,y^) , 

iei 


where p G 5+ (M) , I GVf (N) \ {0} and x,y G S {H). 

Utilising Theoremwe may state the following results. 


Proposition 11. We have 

(i) For any p, q G 5+ (M) , I GVf (N) \ {0} and x, y G 5 [FI) we have 


(1.82) (5 (p + q, /, X, y) - (5 (p, /, x, y) - (5 (q, /, x, y) 

/ 

det 


> 


V 


i£l 


E Qi Iki 

i£l 


(ii) // p > q > 0, then 


J2p^ \\y^\ 

iGl 

E <ii llPili 


> 0 . 


jy 


(1.83) (5(p,/,x,y) - (5 (q,/,x,y) 

/ 


> 


det 


Ep* 

iGl 


E {Pi - <li) Ikil 

iGl 


Y.p^ \\yi\ 

iGl 


E ip^ - ft) \\y^\ 

iGl 


> 0. 


jy 


Proposition 12. We have 
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(i) For any I,JGVf (N), with InJ = 0 and p G 5+ (R), x, y G 5 (H), we 
have 


(1.84) 


5 (p, / U J, X, y) - 5 (p, I, X, y) - 5 (p, J, X, y) 



/ 



> 

det 


/ \ 


1 

1 

[Ep^\\^^f) 


[Ep^\\y^fy 


y 

> 0 . 

/ 


(ii) If0jt=JCI,Ijt=J, IjJGVf (N), then we have 


(1.85) (5(p,/,x,y)-(5(p, J,x,y) 



/ 

[ f 

> 

det 

\ 


1 

[( 


Ki&I 

( 

E p^ \\xi 

yiel\j 


'EPiWy^W 

iGl 


E p^ 

^iei\J 


> 0 . 


jy 


The following particular instances that provide refinements for the (CBS)- 
inequality may be stated as well: 


( 1 . 86 ) 


iGl iGl 


2 


iGl 


2 


> E cqE H22ill^sin^ ai- 

i&I i£l 


E {Xi,yi)siv? ai 

iGl 


+ E cos^ E Il22ill^ cos^ 

iGl iGl 


2 


E {Xi,yi) cos^ a* 

iei 


> 


det 


> 0 , 




_1 

2 


1 . 

2 


(^E Il2/*f sin^ 

(^E l|y*f cos^ 




2 


y 


where Xi, yi G H, ai G R, i G I and I &Vf (N) \ {0} . 
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Suppose that pi > 0, Xi,yi € H, i G 2n\ . Then 


> ^P2k\\x2k\\^y"^ P2k ||2/2fe"^ 


k=l 


(1.87) '^Pi\\xif'^P^\\y^f - '^Pi{xi,y^) 

i=l 

n n 

'^P2k\\y2k\\'^ - '^P2k{x2k,y2k) 

k^l k^l 

n 

+ ||3^2fc-l|| j^2fc-l ||y2fc-l|| 

k^l 
n 

^P2fe-l (a^2fe-l, 2/2fe-l 


fc=l 


> 


det 


I] P 2 k \\x 2 k\\ 

k=l 


P2k-i ||a:2fc-i| 

fc=i 


E P 2 k \\y 2 k\[ 

k=l 


E P 2 k-i \\y 2 k-i\ 

k=l 


> 0 . 


Remark 6. The above results have been obtained for the case 

where x and y are real or complex numbers by Dragomir and Mond U . 

Further, if we use Corollaries |21 and ^ then we can state the following proposi¬ 
tions as well. 


Proposition 13. We have 

(i) For any p, q G 5+ (M ), I GVf (N) \ {0} and x, y G 5 (iJ) \ {0} we have 


(1.88) ^ (p -I- q, /, X, y) - ^ (p, /, x, y) - J (q, /, x, y) 


> max ■ 


J2ieiPi 




rS (q,/,x,y) 


EiG/ 


EiG/P*l 


tS (p,/,x,y), 


—^-[ 2 y) + (P’ y) r ^ o- 


Ezg/9* \\y^ 


T,^(^IP^ II y* 


(ii) 7/ p > q > 0 and I G'Pf (N) \ {0}, x, y G 5 (77) \ {0} , then: 


(1.89) 


^ (P,7,x,y) - S (q, 7,x,y) 

^ i ip^ - (l^) \\x^f ip^ - yi) Wvif 

> max < - 7y -,-o- 

I E.G/P* 11^*11 E.G/Klly*ll 


^ (p,7,x,y) > 0. 


Proposition 14. IFe have 
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(i) For any I,J G Vf (N) \ {0}, with I O J = 0 and p G 5+ (R), x, y G 
S {H) \ {0} , we have 


(1.90) (5 (p, / U J, X, y) - 5 (p, /, X, y) - 5 (p, J, x, y) 

I" 

^(5(p, J,x,y) 


> max ■ 




\Xi 




-S (p,/,x,y), 


J2t(^iPi\\y^\\ J ^ , T^j^jPohoW 

EjGjPi bill EiG/Kbill J 

(ii) If 0 ^ J C I, I ^ J, I,J G Vf{n)\ {0} and p G S+ (K) \ {0} , x, y G 
S (H) \ {0} , then 


(1.91) (5 (p,/, X, y) - (5 (p, J, X, y) 

^'l2kei\JP>^\\^>=\\ SfeG/\jPfc bfcll 


> max ■ 




^(pb,x,y) > 0. 


Remark 7. The results in Proposition m have been obtained by Dragomir and 
Mond in for the case of scalar sequences x and y. 

1.5.3. The Case of Mapping /3. With the assumptions in the first subsec¬ 
tions, we can define the following functional 


/3(pb,x,y) := (p,/,x,y)]2 

= T,p^\\x^\\^^p^\\y^\\^ 


TjPi i^Gyi] 

iei 


iei iei 

where p G 5+ (M) , I GVf (N) \ {0} and x, y G 5 {H). 

Utilising Theorem [ 7 | we can state the following results: 

Proposition 15. We have 

(i) The functional/3 {■, I,x,y) is superadditive on S+ (U.) for any I GP/(N)\{0} 
and X, y G 5 (H). 

(ii) The functional /3(p,-jX, y) is superadditive as an index set mapping on 
Vf (N) and x, y G 5 (H). 

As simple consequences of the above proposition, we may state the following 
refinements of the (CBS)-inequality. 

(a) If X, y G 5 (H) and G K, i G / with I GVf (N) \ {0} , then 


(1.92) - 

iGl 






i^I 


(e 

X* ^sin^ \\yi\\‘^ sin^ ai - 

(xi.yi) sin^ ai 

\iei 

iGl 

iGl 


+ El 


cos^ a. 


^ \\y,fcos^ a. 




iGl 


{xi,yf) cos^ at 


IGI 


2\ 2 


> 0 . 
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(b) lixi.yi € i/, Pi > 0, z € then 


2n 


2n 


(1.93) \'^Pi\\xi\\^^Pi\\yi\f 


2n 

'^P^ {xi,yi] 


i=l 


> \ '^P2k \\x2kf'^P2k \\y2kf - 






^P2fc (a:2fe, ?/2fc) 


fe=i 


2 \ 2 


+ I ^P2fc-i ||a;2fe-i|!^^P2fc-i l!2/2fe-i 


-1 ||a; 2 fe-i| 

^fc=i fc=i 


''^P2k-l {X2k-l,y2k-l] 


k=l 


(> 0 ). 


Remark 8. Fart (i) of Proposition^^ and the inequality \1.91\) have been 
obtained by Dragomir and Mond in |2] for the case of scalar sequences x and y. 
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CHAPTER 2 


Schwarz Related Inequalities 

2.1. Introduction 

Let be a linear space over the real or complex number field K. The functional 
{■, ■) : H X H ^ K is called an inner product on H if it satisfies the conditions 

(i) {x, x) >0 for any x £ H and {x, a;) = 0 iff a: = 0; 

(ii) {ax + l3y, z) = a {x, z) + P {y, z) for any o, /3 S K and x,y,z £ H\ 

(hi) {y, x) = {x, y) for any x,y £ H. 

A first fundamental consequence of the properties (i)-(iii) above, is the Schwarz 
inequality: 

(2.1) \{x,y)\^ < {x,x) {y,y), 

for any x,y G H. The equality holds in EH if and only if the vectors x and y are 
linearly dependent, i.e., there exists a nonzero constant a G IK so that x = ay. 

If we denote ||x|| := {x, x), x £ H, then one may state the following properties 

(n) ||a;|| > 0 for any x £ H and ||a;|| = 0 iff a; = 0; 

(nn) ||aa;|| = |a| ||a:|| for any a S K and x £ H; 

(nnn) \\x + y\\ < ||a;|| + |j?/|| for any x,y £ H (the triangle inequality); 
i.e., II’ll is a norm on H. 

In this chapter we present some classical and recent refinements and reverse 
inequalities for the Schwarz and the triangle inequalities. More precisely, we point 
out upper bounds or positive lower bounds for the nonnegative quantities 

I|a^lllly||-I(*,y)l, \\xf\\yf-\{x,y)f 

and 

I|a:|| + ll2/l|-||a: + y|| 

under various assumptions for the vectors x,y £ H. 

If the vectors x,y £ H are not orthogonal, i.e., {x, y) ^ 0, then some upper and 
lower bounds for the supra-unitary quantities 

Ikll bll ll^f llyf 

1(^.2/)!’ \{x,y)\^ 

under appropriate restrictions for the vectors x and y are provided as well. 

The inequalities obtained by Buzano, Richards, Precupanu and Moore and 
their extensions and generalizations for orthonormal families of vectors in both real 
and complex inner product spaces are presented. Recent results concerning the 
classical refinement of Schwarz inequality due to Kurepa for the complexification 
of real inner product spaces are also reviewed. Various applications for integral 
inequalities including a version of Heisenberg inequality for vector valued functions 
in Hilbert spaces are provided as well. 
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2.2. Inequalities Related to Schwarz’s One 

2.2.1. Some Refinements. The following result holds flBl Theorem 1] (see 
also [181 Theorem 2]). 

Theorem 10 (Dragomir, 1985). Let {H, (•, •)) be a real or complex inner prod¬ 
uct space. Then 


( 2 . 2 ) (|| 


IlylP - Ka; 


l(a;,2/)l^) (bf bf - \{y,z)\^) 


> 


ix,z) \\yf - {x,y) {y,z) 


for any x,y, z G H. 

Prooe. We follow the proof in m 
Let us consider the mapping 

Py : H X H ^K, py {x, z) = {x, z) bf - (a;, y) {y, z) 


for each y G H\ {0} . 

It is easy to see that Py{-,-) is a nonnegative Hermitian form and then on 
writing Schwarz’s inequality 

\py{x,z)\‘^ <Py{x,x)py{z,z), x,zGH 

we obtain the desired inequality (lOl . I 


2.1]; 


Remark 9. From it follows that m Corollary 1] (see also fl8l Corollary 


(2.3) (lb + bf -\{x + z, y)f'^ " 

< (ibf bf-|(x,y)|^)" + (bf bf-|(2/,bl')' 

for every x,y,z G H. 

Putting z = \y in we get: 

(2.4) 0<||x + A2/f bf-|(a^ + Ay,y)|^ 

<||xf bf-|(^,y)l^ 

and, in particular, 

(2.5) 0 < lb ± yf bf - |(x ± y,y)|^ < |bf bf - \{x,y)t 
for every x,y G FI. 


Both inequalities (I23I) and (ES have been obtained in ESI 
We note here that the inequality (E3I) is in fact equivalent to the following 
statement 


( 2 . 6 ) 


sup 

xgk 


Ib +Ay|| 


bll 


|b +Ay,y)|^ 


\\xf\\yf-\{x,y)\^ 


for each x,y G H. 

The following corollary may be stated m Corollary 2] (see also EH Corollary 

2.2]): 
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Corollary 3 (Dragomir, 1985). For any x,y, z G H\ {0} we have the inequality 


{x,y) 

2 

{y,z) 

2 

{z,x} 

2 

<14-9 

{x,y) {y,z) {z,x) 

Ha’ll ||y|| 


II 2 /II Ikll 


Henna’ll 




Proof. By the modulus properties we obviously have 


{x,z) \\yf 


{x,y){y,z) > |(ai,z)| ||?/| 


l(a;,y)l \{y,z)\ 


Therefore, by we may state that 


(ikf \\yf - \{x,y)f) [\\yf Ikf - \{y,z)\^'^ 

> 1 ( 2 ;, z)\^ \\y\\^ -‘2\{x, y) {y, z) (z, a;)| \\yf + |(a:, y)f \{y, z)f , 

which, upon elementary calculation, is equivalent to E7J. I 

Remark 10. If we utilise the elementary inequality a ? + b‘^ + > 3abc when 

a,b,c> 0, then one can state the following inequality 


{x,y) {y,z) {z,x) 

< 

{x,y) 

2 

{y,z) 

2 

{z,x) 

\\xf\\yf\\zf 


11411141 


11411141 


11411141 


for any x,y, z G H\ {0} . Therefore, the inequality |F71 ) may be regarded as a reverse 
inequality of lOI) . 

The following refinement of the Schwarz inequality holds [151 Theorem 2] (see 
also ITHl Corollary 1.1]): 

Theorem 11 (Dragomir, 1985). For any x,y G H and e G H with ||e|| = 1, 
the following refinement of the Schwarz inequality holds: 

(2.9) ||t|| ||i/|| > \{x,y) - {x,e) {e,y)\ + \{x,e) {e,y)\ > \{x,y)\. 

Prooe. We follow the proof in 

Applying the inequality we can state that 

(2.10) (llxf - |(a;,e)|^) (||yf - \{y,e)f^ > \{x,y) - {x,e) (e,y)|^ 
Utilising the elementary inequality for real numbers 

(2.11) (m^ — n^) (p^ — q^) < {mp — nq)^ , 
we can easily see that 

(2.12) {\\x\\\\y\\-\{x,e){e,y)\f 

>(||a:f-|(x,e)|^) (|lpf - |(y, e)|^) 

for any x,y,e G H with ||e|| = 1. 

Since, by Schwarz’s inequality 

(2.13) ||a:||||y||>|(a:,e)(e,p)| 

hence, by itTTUIl and we deduce the first part of (OUI) . 

The second part of (lOHl is obvious. I 
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Corollary 4 (Dragomir, 1985). If x,y,e G H are such that ||e|| = 1 and 
X _L j/, then 

(2.14) ||x|||| 2 /||> 2 |(x,e)(e,y)|. 


Remark 11. Assume that A : H ^ H is a bounded linear operator on H. For 
x,e G H with ||x|| = ||e|| = 1, we have by that 

(2.15) \\Ay\\ > \{x,Ay) - (x,e) {e,Ay)\ + |(x,e) {e,Ay)\ > \{x,Ay)\ 
for any y G H. 

Taking the supremum over x G H, ||x|| =1 in and noting that \\Ay\\ = 

sup I (x, Ay) I, we deduce the representation 

\\x\\ = l 

(2.16) \\Ay\\= sup {\{x, Ay) - {x,e) {e,Ay)\ + \{x,e) {e,Ay)\} 

||x||=l 

for any y G H. Finally, on taking the supremum over y G H, ||?/|| = 1 in \‘d. 1h\) we 
get 

(2.17) ||-4|| = sup {\{x,Ay) - {x,e) {e,Ay)\ + \{x,e) {e,Ay)\} 

l|y||=i.lkll=i 

for any e G H, ||e|| = 1, a representation that has been obtained in [T51 Eq. 9]. 


Remark 12. Let {H; (•, •)) be a Hilbert space. Then for any continuous linear 
functional / : > K, / ^ 0, there exists, by the Riesz representation theorem a 

unique vector e G H\ {0} such that f (x) = (x, e) for x G H and ||/|| = ||e|| . 

If E is a nonzero linear subspace of H and if we denote by its orthogonal 
complement, i.e., we recall that E-^ := {y G H\y _L x} then for any x G E and 
y G E^, by \2.1Ji\l we may state that 


ll^ll lly|l>2 



giving, for x,y ^ 0, that 


(2.18) ll/f >2|(x,e)(y,e)| = 2|/(x)||/(y)| 

for any x G E and y G E^. 

If by II/IIe '“'6 denote the norm of the functional f restricted to E, i.e., \\f\\;^ = 
sup 2 ,g£;\{g} then, on taking the supremum over x G E and y G E^ in 

we deduce 


(2.19) ll/f >2 ||/IU-|I/IIe- 

for any E a nonzero linear subspace of the Hilbert space H and a given functional 
fGH*\{0}. 

We note that the inequality has been obtained in [m Eq. 10]. 


2.2.2. A Conditional Inequality. The following result providing a lower 
bound for the norm product under suitable conditions holds |19| (see also |18l 
Theorem Ij): 

Theorem 12 (Dragomir-Sandor, 1986). Let x,y,a,b G H, where {H; {■,■)) is 
an inner product space, he such that 

(2.20) ||a|j^ < 2 Re (x, a) and ||i/||^ < 2 Re (y, 6) 
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holds true. Then 


(2.21) ||t|| bll > (2 Re (a:, a) - ||af)’ (2Re(2/,6) - ||6f)" 

+ \ {x,y) - {x,b) - {a,y) + {a,b)\ . 


Proof. We follow the proof in |19| . 
Observe that 


( 2 . 22 ) 


\{x,y) - {x,b) - {a,y) + (a,6)| 
= \{x - a,y - b)\^ 

< \\x-af\\y-bf 


|ai|| — ^2Re(a;,a) — ||a 
Applying the elementary inequality (ICTT) we have 


)] [bf-(2Re(2/,6)-|i5||^) 


(2.23) 


Since 


f , 

r in 

ll^f - 

(2Re(x,a)-||a||y 


xjllyf- (2Re(y,&) 
kll II 2 /II - (2Re(T,a) 


2\ 2 


2 \ 2 


(2 Re {y, b) 


0 < ^2 Re (t, a) — ||a||^^ ^ < bll and 

0< (2Re(y,&)-||6f)^ < bll 

hence 

bll ||y|| > (2Re(a;,o) - ||af) " (2Re(j/,&) - ll&f) ' 
and by and we deduce the desired result I 



Remark 13. As pointed out in HSI, if we consider a = {x, e) e,b = {y, e) e with 
e G H, ||e|| = 1, then the condition is obviously satisfied and the inequality 

f071) becomes 

(2.24) ||x|| bll > |(a:,e) {e,y)\ + \{x,y) - {x,e) {e,y)\ 

i>\{x,y)\), 

which is the refinement of the Schwarz inequality incorporated in 

For vectors located in a closed ball centered at 0 and of radius v^, one can 
state the following corollary as well |181 Corollary 1.2]. 

Corollary 5. Let x,y G H such that ||a:|| , ||?/|| < \/2. Then 


(2.25) ||x||b||>|(T,2/)|^(: 


2- llxll 


2\ 2 


(2-bl 


2 \ 2 


l-\\xf-\\yf + \{x,y)\^ 
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Proof. Follows by XheoremElon choosing a = {x, y)y, b = {y, x) x. We omit 
the details. | 

2.2.3. A Refinement for Orthonormal Families. The following result 
provides a generalisation for a refinement of the Schwarz inequality incorporated in 
(E3 ESI Theorem 3] (see also |S1 Theorem] or |181 Theorem 3]): 

Theorem 13 (Dragomir, 1985). Let {H; (•, •)) be an inner product space over 
the real or complex number field K and an orthonormal family in I. For 

any F a nonempty finite part of I we have the following refinement of Schwarz’s 
inequality: 


(2.26) 


X y > 


> 




IGF 


{x,y) - X! 


IGF 


+ ^ |(x,ei) (e,,y)| 
:gf 

^ (x,ei) (ei,y) 


IGF 


> l(a;,y)l, 


where x,y £ FI. 


Proof. We follow the proof in ES] 

We apply the Schwarz inequality to obtain 


(2.27) 




IGF 


IGF 


< 


-E' 

IGF 


y-'^{y, ci) I 

ieF 


Since a simple calculation with orthonormal vectors shows that 


X - ^ (x,ej) Ci 
ieF 

y-'^{y, Si) ei 


ieF 


= l|a:f 

ieF 

= llyf 


IGF 


and 


( X - ^ (x, Ci) Ci, y - ^ (y, ei) Cij = (x, y) - ^ (x, Ci) (ci, y ), 

\ IGF iGF / iGF 


hence (im is equivalent to 


(2.28) 


c,y)-E 


i,y) 


IGF 


< X 


-^|(x,e*)n M|yf-^|(y,e,)n 
iGF / V IGF / 


for any x,y G F[. 




























2.2. INEQUALITIES RELATED TO SCHWARZ’S ONE 


39 


Further, we need the following Aczel type inequality 
(2.29) (a(3-Y,a,(5, 

\ ieF ) \ ieF / \ IGF 

provided that where a,j3,ai,j3^ G K, i G F. 

For an Aczel inequality that holds under slightly weaker conditions and a dif¬ 
ferent proof based on polynomials, see |261 p. 57]. 

For the sake of completeness, we give here a direct proof of 
Utilising the elementary inequality ETTTl , we can write 



(2.30) 




E' 

\i&F 


P- 




UGF 


< 


n 2 


- (E E 


Ugf 


\i&F 


Since jaj > (E*gf )" and |/3| > {Y.i(^F PI)^ , then 


Ugf 


\i^F 


Therefore, by the Cauchy-Bunyakovsky-Schwarz inequality, we have that 


“ (E“i I (E^i 


OGF 


\i^F 


= wp\ - (E“? 

ViGF ) 

< \0‘P\ - '^OL^Pi 
ieF 

\ aP \ - ^aiPi 


E/ 5 ? 

KieF , 


ieF 


< 


a/3 - E “*/5i 


ieF 


showing that 
(2.31) 


n 2 


r/3| - E «? E /5? 


KieF 


\ieF 


- “/^ “ E 'a*/5i 


IGF 


and then, by ionii and (lOTll we deduce the desired result iE2nii- 
By Bessel’s inequality we obviously have that 

\\x\f >^\{x,ei)\^ and ||yf > ^ | (y, Ci) 


IGF 


IGF 
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therefore, on applying the inequality we deduce that 

(2.32) (ikf-^|(x,e.)n (||yf 

\ IGF / \ IGF / 


< ( Ikll lly|l - ^\{x,ei) (e„y)| 


\ iGF / 

Since ||a;|| ||y| | - X ^^gf (ei,y)| > 0, hence by 12.281) and 12.321) we deduce the 

first part of 

The second and third parts are obvious. | 

When the vectors are orthogonal, the following result may be stated [§) (see 
also |18l Corollary 3.1]). 

Corollary 6. If is an orthonormal family in {H, {■,■)) and x,y G H 

with X J- y, then we have the inequality: 


(2.33) 


1*11 lly|l> 


X! (ei,y) 


IGF 


+ ^|(a;,e4 {ei,y)\ 


iGF 


> 2 


^ {x,ei) {e^,y) 


IGF 


for any nonempty finite part of I. 

2.3. Kurepa Type Refinements for the Schwarz Inequality 

2.3.1. Kurepa’s Inequality. In 1960, N.G. de Bruijn proved the following 
refinement of the celebrated Cauchy-Bunyakovsky-Schwarz (CBS) inequality for a 
sequence of real numbers and the second of complex numbers, see [5] or m P- 48]: 

Theorem 14 (de Bruijn, 1960). Let (ai,..., a„) be an n—tuple of real numbers 
and {zi,..., Zn) an n—tuple of complex numbers. Then 

n ^ 

(2.34) 


E 




1 V- 

^oE' 


k^l 


E + 


.fc=l 


E^ 


pE“^El^fc|" ■ 

V fc=i k=i / 

Equality holds in if and only if for A: G {1,..., n} , Ofc = Re (Xzk) , where A 

is a complex number such that X]fc=i *■5 ® nonnegative real number. 

In 1966, in an effort to extend this result to inner products, Kurepa |25| ob¬ 
tained the following refinement for the complexification of a real inner product 
space (R; (•,•)) : 

Theorem 15 (Kurepa, 1966). Let [H\ (•,•)) be a real inner product space and 
{He, (•, -jij.) its complexification. For any a G H and z G He we have the inequality: 


(2.35) 


1 


(z,a)cl < o l|a 

( 


Cl - 2 

< llalPlIz 


Nile + IN:^)cl 

iiJ). 
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To be comprehensive, we define in the following the concept of complexification 
for a real inner product space. 

Let H he & real inner product space with the scalar product (•, •) and the norm 
II'll . The complexification He of H is defined as a complex linear space H x H oi 
all ordered pairs (x, y) (x, y G H) endowed with the operations 

(x, y) + (x', y') := (x + x', y + y '), x, x', y,y' G H-, 

{a + ir) ■ (x, y) := (ax — ry, tx + ay ), x,y G H and cr,r € K.. 

On He one can canonically consider the scalar product (•, ■)^ defined by: 

{z, z')c := {x, x') + {y, y') + i [(y, x') - (x, y')] 
where z = (x,y) , z' = (x',y') G He- Obviously, 

lkllc = ll^f+ llyf. 

where z = (x, y). 

The conjugate of a vector z = (x, y) G He is defined by z := (x, —y). 

It is easy to see that the elements of He under defined operations behave as 
formal “complex” combinations x + iy with x,y G H. Because of this, we may write 
z = X + iy instead of z = (x, y) . Thus, z = x — iy. 


2.3.2. A Generalisation of Kurepa’s Inequality. The following lemma is 
of interest [g]. 

Lemma 2. Let f : [0, 27r] —> R given hy 
(2.36) / (a) = A sin^ a+ 2/3 sin a cos a + a cos^ a, 

where A, /3 ,7 G R. Then 


(2.37) 


aG[0,27r] 

Proof. Since 


sup / (a) = i (A + 7 ) + i (7 - A)^ + 4/3^ 


2 L' 


.9 1 ~ cos 2a 2 1 + cos 2a „ , . ^ 

sin a=---, cos a= ---, 2 sm a cos a = sin 2a, 


hence / may be written as 
(2.38) 

If /3 = 0, then (12.3811 becomes 


/ («) = ^ (-^ + 7 ) + ^ (7 - cos 2a + /3 sin 2a. 


/ (a) = ^ (A + 7 ) + ^ (7 - A) cos 2a. 


Obviously, in this case 


aG[0,27r] 

If /3 ^ 0 , then (12.3811 becomes 


sup /(a) = i(A + 7 ) + i| 7 -A| =max{ 7 ,A}. 


/ (o) = 2 (A + 7 ) +/3 


sin 2a + cos 2a 

P 


Let ip G (—f) f) for which tany? = Then / can be written 


2/3 

/(a) = ^ (A + 7) + 

2 cos</5 


as 


sin (2a + p). 
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For this function, obviously 


(2.39) 


sup / (a) = i (A + 7 ) + 

aG[0,27r] ^ 


l/?l 

|cOS(/5| ' 


Since 

sin^ p (7 — A)^ 


cos^ p 4/3^ ’ 

hence. 



1 (7 - A)^ + 4/3^ 


|cos(/j| 2\(3\ 

and from we deduce the desired result (lOTIl . I 


The following result holds | 6 |. 


Theorem 16 (Dragomir, 2004). Let {H; (•, •)) be a complex inner product space. 
If x,y, z G H are such that 

(2.40) Im (cc, z) = Im ( 1 /, z) = 0, 
then we have the inequality: 

(2.41) Re^ (t, z) + Re^ {y, z) 

= \ {x + iy,z)\^ 


<^|ll^f+ Il2/f+[( 
<(ll^f+ bf) ||zf. 


^-\\yf) -4Re^(a;,j/) 


ll^ll 


2 


Proof. Obviously, by (12.4011 . we have 

{x + iy, z) = Re {x, z) + i Re {y, z) 

and the first part of (lOTll holds true. 

Now, let ip G [0,27r] be such that {x + iy, z) = \ {x + iy, z)|. Then 

I (a; + iy,z)\ = {x + iy,z) = {x + iy),z) . 

Utilising the above identity, we can write: 

I {x + iy, z) I = Re (a; + iy), z) 

= Re ((cos p — i sin p) {x + iy), z) 

= Re (cos p ■ X sin p ■ y — i sin p ■ x + i cos p ■ y, z) 

= Re (cos p ■ X + sin p ■ y,z) + lin. (sin p ■ x — cos p ■ y,z) 

= Re (cos p ■ x -\- sin p ■ y,z) + sin p Im {x, z) — cos p Im (y, z) 

= Re (cos p ■ x -\- sin p ■ y,z), 

and for the last equality we have used the assumption (IT¥!ll . 

Taking the square and using the Schwarz inequality for the inner product (•, •), 
we have 


(2.42) 


I (a; + iy, z)|^ = [Re (cos 73 • x + sin:/? • y, z)]^ 
< jjcosy? • X + sin(/? • yjj^ ||z||^ . 
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On making use of Lemma EJ we have 

sup Ijcosi^ • cc + sin• 2/11^ 

aG[0,27r] 


= sup 

aG[0,27r] *- 


a;||^ cos^ + 2 Re (x, y) sincost/? + ||2/||^ sin^(^ 


= :. Il^f+ Il2/f 


(lla^f - Ibf) +4Re2(x,2/) 


and the first inequality in is proved. 

Observe that 

2 


x\f - 


+ 4 Re^(x,?/) 

yllf- 


Jxf ||yf-Re2(x,y) 

< [\\xf + ||yf) 

and the last part of (lOTll is proved. | 

Remark 14. Observe that if {H, (•, •)) is a real inner product space, then for 
any x,y,z£H one has: 

(2.43) { x,zf + { y,zf 


< 


< llx 


l^f+ Il2/f 


Il2/f) 


(lla^f - Il2/f) +^{x,yy 


Remark 15. If H is a real space, (•,•) the real inner product, He its complex- 
ification and {■,-)e the corresponding complexification for {■,■), then for x,y G H 
and w := X + iy € He and for e G H we have 

Im (x,e)c = Im {y,e)^ = 0, 

llw'llc = + llyf > l(w':w)cl = - Il2/f) +^{x,yf, 

where w = x — iy G He- 

Applying Theorem E2I for the complex space He and complex inner product 
(•, •)£ , we deduce 

(2.44) l(w,e)cl^ < ^ ||ef [||w||c + |(w,'ui)cl 


<l|ef IkllL 


which is Kurepa’s ineguality 


Corollary 7. Letx,y,z be as in Theorem In addition, if Re {x, y) = 0, 


then 

(2.45) 


[Re^ {x,z) +Re‘^ {y,z)]^ < ||2;|| • max{||x|| , ||?/||} . 


Remark 16. If H is a real space and (•, •) a real inner product on H, then for 
any x,y, z G H with {x, y) = 0 we have 


(2.46) 


{x,zf + {y,zf " < ll^ll -maxlllxll ,|| 2 /||}. 
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2.3.3. A Related Result. Utilising Lemma EJ we may state and prove the 
following result as well. 

Theorem 17 (Dragomir, 2004). Let {H, {■,■)) be a real or complex inner 
product space. Then we have the inequalities: 

(2.47) \{v,t)f + \{w,t)f + [(|(u,t)|^ - \{w,t)fy 

+ 4 (Re {v, t) Re {w,t) + Im (u, t) Im (w, t)) 

(||uf-||wf) +4Re^(u,w) 


< Jll^inikf+ |kf + 


< ( llulp + llwlP ' 


for all v,w,t G H. 

Proof. Observe that, by Schwarz’s inequality 

(2.48) |(cos(/3 ■ V + sin(p ■ w, z)f < ||cos(p • u + sintp • w\\'^ \\z\f 

for any € [0,27r]. 

Since 

I {(fi) := ||cos(/7 • V + sin(/? • w\\'^ 

= cos^ V’ + 2Re (u, w) sin(/JCOS(^ + ||w||^ sin^ (p, 
hence, as in Theorem [TBl 


sup /(</?) = ^ < ||uf + ||wf + 

ipG[0,2n] ^ 

Also, denoting 

J (p) := |cos p {v, z) + sin p {w, z) \ 


(||wf-||wf) +4Re^(u,w) 


= cos^ |(w, z)| + 2 sin cos (p Re (u,z)(w, z) 
then, on applying Lemma El we deduce that 

sup J [p) = ]-{\{v,t)\^ + \{w,t)\^ 

c/?G[0,27r] ^ L 


+ sin2(p|(w,z)|^ 





] 2 '] 

+ 

(|(u,t)|"-|(u;,t)|2) +4Re2 

{v,z) {w,z) 



and, since 


Re 


{v, z) {w, z) = Re (u, t) Re {w, t) + Im (u, t) Im (w, t) 


hence, on taking the supremum in the inequality (I2.48II . we deduce the desired 
inequality ETtIi . I 
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Remark 17. In the real case, 1133) provides the same inequality we obtained 
in i2.4d[ )- 

In the complex case, if we assume that v,w,t G H are such that 
Re {v, t) Re {w, t) = — Im {v, t) Im {w, t ), 

then i33) becomes: 


(2.49) max||(z;,t)|% |(w,t)|^| 


< 



(llnf - ||wf) +4Re^(i;,w) 



2.4. Refinements of Buzano’s and Kurepa’s Inequalities 

2.4.1. Introduction. In |^, M.L. Buzano obtained the following extension 
of the celebrated Schwarz’s inequality in a real or complex inner product space 
(H; {;■))■. 

(2.50) |(a,a;) {x,b)\ < ^ [||a|| • ||6|| + |(a,5)|] ||xf , 
for any a,b,x G H. 

It is clear that for a = b, the above inequality becomes the standard Schwarz 
inequality 

(2.51) |(a,a;)|^ < ||af ||a;f, a,x G H; 

with equality if and only if there exists a scalar A G K (K = M or C) such that 
X = Xa. 

As noted by M. Fuji! and F. Kubo in |21| . where they provided a simple proof 
of H2.50|l by utilising orthogonal projection arguments, the case of equality holds in 
if 

I « (m + tSSt ■ w) ’ ^ ° 

i “ (m ^' w) ’ ^ 

where a, /3 G K. 

It might be useful to observe that, out of (E3ni), one may get the following 
discrete inequality: 


(2.52) 


y^PiUix^y^PiXtbi 


i=l 


i=l 


< 


^Pi \ai\^^Pi \bi\ 


)\ 

n 

y^^Piajbi 

/ 



E 


Pi \Xi 


where pi > 0, ai,Xi,bi G C, i G {1, ..., n} . 

If one takes in trnii b, = at for i G {1, ..., n} , then one obtains 


(2.53) 


y^p^ajXjy^^ 


PiOiXi 


< - 

- 2 


Ep» + 


E 


PiO.^ 


E 


Pi \Xi 


for any pi > 0, a^, Xi, bi G C, i G {1,... ,n} . 
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Note that, if Xi, i G {1,... ,n} are real numbers, then out of 12. 511 II . we may 
deduce the de Bruijn refinement of the celebrated Cauchy-Bunyakovsky-Schwarz 
inequality [ 2 ] 


(2.54) 


i=l 


PiXiZi 




2=1 


.i^l 




i=l 


where G C, f G {1,..., n} . In this way, Buzano’s result may be regarded as a 
generalisation of de Bruijn’s inequality. 

Similar comments obviously apply for integrals, but, for the sake of brevity we 
do not mention them here. 

The aim of the present section is to establish some related results as well as 
a refinement of Buzano’s inequality for real or complex inner product spaces. An 
improvement of Kurepa’s inequality for the complexification of a real inner product 
and the corresponding applications for discrete and integral inequalities are also 
provided. 


2.4.2. Some Buzano Type Inequalities. The following result may be stated 

m 

Theorem 18 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over 
the real or complex number field K. For all a G K\ {0} and x, a,b G H, a 7 ^ 0, one 
has the inequality 


(2.55) 


, x) {x, b) {a, b) 


< 


\a\ a; 


|a-in(a,T)|V||xf ||af-|(a,T)|^ 


The case of equality holds in k2.55\) if and only if there exists a scalar A G K so that 

{a,x) 


(2.56) 


-X = a + Xb. 


Prooe. We follow the proof in m 
Using Schwarz’s inequality, we have that 

\ 2 


(2.57) 
and since 


[a,x ' 

a ■ - !rx — a.b 


< 


[a,x 

a ■ - !rx — a 


a ■ 


{a,x) 


= \af\±l^_2\^^Rea+\\af 
||a:f llxf 

\a-lf\{a,x)f + \\xf\\af-\{a,x)f 


and 


{a,x) \ 

a - - ttX — a.b ) = a 


{a.x){x,b) (a.b) 


hence by (12.5511 we deduce the desired inequality (12.5511 . 
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The case of equality is obvious from the above considerations related to the 
Schwarz’s inequality ESDI- I 

Remark 18. Using the continuity property of the modulus, i.e., \\z\ — |u|| < 
\z — u\ , z, u S K, we have: 


|(a,a;) (a:,5)| |(a, 6 )| 

< 

{a,x){x,b) {a,b) 

||a:f |a| 


||xf 


(2.58) 


Therefore, by 12.55\) and \2.5H\) . one may deduce the following double inequality: 


(2.59) — 

a 


l(a,^')| - ipii 


a- 1 |^ |(a;,a)|^ + ||xf ||af - |(a,ai)|^) 


< 


I (a, a;) {x,b)\ 


< 


I (a, 6) I 


(|a- 1 |^ \{x,a)\^ + ||a;f ||af - |(a;,a)|^y 


for each a S IK\ {0} , a,b,x G H and x ^ 0. 

It is obvious that, out of 12.5511 . we can obtain various particular inequalities. 
We mention in the following a class of these which is related to Buzano’s result 

Corollary 8 (Dragomir, 2004). Let a,b,x G H, x 0 and rj G K with \r]\ = 1, 
Re ?7 ^ —1. Then we have the inequality: 

hwm 

V2Vl + Rer;’ 

and, in particular, for r] = 1, the inequality: 

\\a\\\\b\\ 

2 

Proof. It follows by Theorem on choosing a = 1 + rj and we omit the 
details. | 


(2.61) 


{a,x){x,b) {a,b) 


(2.60) 


(a, x) {x, b) {a, b) 

llxll^ l + ?7 


Remark 19. Using the continuity property of modulus, we get from that: 


\{a,x) {x,b)\ |(a, 6 )| + ||a 


< 


|?7| = 1, Re?7 7^-1, 


||a;|| -\/ 2 \/l + Re 77 

which provides, as the best possible inequality, the above result due to Buzano 
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Remark 20. If the space is real, then the inequality is obviously equiv¬ 

alent to: 


(2.62) 


_ ll^ll 

a |a| ||a;|| 
(a, x) {x, b) 


1)^ (a,T)V||xf ||af 



1 

2 


^ {a,b) ll&ll 

a |a|||a:|| 


{a 


lf{a,xf + \\xf\\af 



1 

2 


for any a G M\ {0} and a,b,x € H, a: 7 ^ 0. 

If in we take a = 2, then we get 

(2.63) i [(a, b) - ||a|| |16||] ||a;f < (a, x) {x, b) 

<\[{a.h) + \\a\\\\y\W\\x\\\ 

which apparently, as mentioned by T. Precupanu in m, has been obtained inde¬ 
pendently of Buzano, by U. Richard in m 

In [28] . Pecaric gave a simple direct proof of without mentioning the 

work of either Buzano or Richard, but tracked down the result, in a particular 
form, to an earlier paper due to C. Blatter • 


Obviously, the following refinement of Buzano’s result may be stated m 


Corollary 9 (Dragomir, 2004). Let [H; (•, •)) be a real or complex inner prod¬ 
uct space and a,b,x G H. Then 


(2.64) 


I (a, a;) {x,b) \ < 


{a,x) {x,b) - i (a, 6 ) ||a;f 


+ l\{a,b)\\\^f 


<i[||g|||IHI + l(g,6)|]||^f ■ 


Proof. The first inequality in 12.6411 follows by the triangle inequality for the 
modulus I'l . The second inequality is merely in which we added the same 

quantity to both sides. | 


(2.65) 


Remark 21. For a = 1, we deduce from \2.55\) the following inequality: 
a, x) {x, b) 


- {a, b) 


< 


IxlP llalP - \{a,x)? 


for any a,b,x G H with x ^ 0. 

If the space is real, then is equivalent to 


( 2 . 66 ) 


{a,b) - 


\x\\^ llalP - |(a,a;)|^ 


< 


{a,x) {x,b) 


< 


\xf\\af-\{a,x)f ^ +{a,b), 


which is similar to Richard’s inequality 























2.4. REFINEMENTS OF BUZANO’S AND KUREPA’S INEQUALITIES 


49 


2.4.3. Applications to Kurepa’s Inequality. In 1960, N.G. de Bruijn [2j 
obtained the following refinement of the Cauchy-Bunyakovsky-Schwarz inequality: 


(2.67) 


E 


aiZ, 






E 

.i=l 


Zi\ 


E- 

i=l 


provided that ai are real numbers while Zi are complex for each i £ {1,n} . 

In |25| . S. Kurepa proved the following generalisation of the de Bruijn result: 

Theorem 19 (Kurepa, 1966). Let (iJ; (•,•)) he a real inner product space and 
(He, {■, ■)£) complexification. Then for any a G H and z G He, one has the 
following refinement of Schwarz’s inequality 


( 2 . 68 ) 



<ll«f Ikll 


2 

C > 


where z denotes the conjugate of z G He- 


As consequences of this general result, Kurepa noted the following integral, 
respectively, discrete inequality: 

Corollary 10 (Kurepa, 1966). Let (S', S,^) be a positive measure space and 
a,z G L 2 (S, S,p.), the Hilbert space of complex-valued 2 — fi—integrable functions 
defined on S. If a is a real function and z is a complex function, then 


(2.69) 


a (t) z (t) dpL {t) 


1 

< - 
- 2 


(t) dp, (t) 


Us 


\z {t)\'^ dp {t) 


z^ (t) dp (t) 


Corollary 11 (Kurepa, 1966). If ai,... ,an are real numbers, zi,...,z„ are 
complex numbers and (Ay) is a positive definite real matrix of dimension n x n, 
then 


n 

2 

n 

n 

n 

*,1 = 1 

1 , . 

— 2 E/ 

i,j=i 


E! AyZ^Zj 
*.1 = 1 


The following refinement of Kurepa’s result may be stated EH 

Theorem 20 (Dragomir, 2004). Let (i7; (•,•)) be a real inner product space 
and (He, (•, •){;) Us complexification. Then for any e G H and w G He, one has the 
inequality: 


(2.71) 


\{w,e) 


c\ < 


2 1 - 

{w,e)^ - - {w,w)c ||e|| 




4 lief 


l(ie,i 


Proof. We follow the proof in EH 
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If we apply Corollarvllllfor {He, {■, ■)£) and x = eGH,a = w and b = w, then 
we have 


(2.72) 


|(w,e)c (e,w)cl 


< 




(e, 


- - {w,w} 


+ ^ l|ef 


< ^l|ef [||w||cl|w||c + l(u',w')cl]- 


Now, if we assume that w = (x, y) € He, then, by the dehnition of (•, •),[-., we have 


(w,e)c = ((a:,j/),(e,0))c 

= {x, e) + {y, 0) + i [{y, e) - {x, 0)] 
= {e,x) +i{e,y) , 


{e,w)c = {{e,0),{x,-y))c 

= (e, x) + (0, -y) + i [(0, x) - (e, -y)] 
= {e,x} +i{e,y) = {w,e)^ 


lk||^=||xf+ ||2/f = lkll^ 

Therefore, by (EZZ21), we deduce the desired result ETTl) . I 


Denote by (C) the Hilbert space of all complex sequences z = (^i) with the 
property that for > 0 with Pi = 1 we have Pi < oo. If a = 
is a sequence of real numbers such that a G (C), then for any z G (C) we have 
the inequality: 


(2.73) 


^Pid-iZi 


2=1 


< 

/ oo \ ^ ^ oo oo 

E “ 2 E E P^^'i 

- OO 

OO 

'^PiZi 


\2=1 / 2=1 2=1 

^ 2=1 

2=1 


1 OO 


2^? 


2=1 


.i=l 


1^2 


Ea 

i=l 


A 


Similarly, if by Lp(S', E,p) we understand the Hilbert space of all complex¬ 
valued functions f : S C with the property that for the p—measurable function 
p > 0 with Jg p {t) dy, (t) = 1 we have 


p{t) \f{t)\ dy{t) < oo. 
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then for a real function a G L'^ {S, S, and any f G {S, S, , we have the 
inequalities 


(2.74) 


P (t) a (t) f (t) dn (t) 


< 


P (t) a (t) f (t) dfi {t)] 

! / 

-I [ p(.t)f (t) dp {t) j P (t) {t) dp (t) 

^ S *-'5 


pit) f (t) dp (t) 


<2 / Pi^)^ {t)dp{t) 

J s 


pit) \fit)\^ dp (t) 


p (t) (t) dp (t) 


pit) f (t) dp (t) 


2.5. Inequalities for Orthornormal Families 

2.5.1. Introduction. In [2], M.L. Buzano obtained the following extension 
of the celebrated Schwarz’s inequality in a real or complex inner product space 

(H; {-))■■ 

(2.75) \{a,x) {x,b)\ <^[\\a\\\\b\\ + \{a,b)\]\\x\\\ 
for any a,b,x G H. 

It is clear that the above inequality becomes, for a = b, the Schwarz’s inequality 

(2.76) |(a,a;)|^ < ||af ||a;||^ , a,x G H; 

in which the equality holds if and only if there exists a scalar A S K (R, C) so that 
X = Xa. 

As noted by T. Precupanu in |29| . independently of Buzano, U. Richard |3Dj 
obtained the following similar inequality holding in real inner product spaces: 

(2.77) ^\\xf[{a,b)-\\a\\\\b\\]<{a,x){x,b) 

<i||xf [(a,6) + ||a|| ||5||]. 

The main aim of the present section is to obtain similar results for families of 
orthonormal vectors in (77; (•, •)), real or complex space, that are naturally con¬ 
nected with the celebrated Bessel inequality and improve the results of Busano, 
Richard and Kurepa. 

2.5.2. A Generalisation for Orthonormal Families. We say that the fi¬ 
nite family (/ is finite) of vectors is orthonormal if {ei,ej) = Q li i, j G I 

with i ^ j and ||ei|| = 1 for each i G I. The following result may be stated m 

Theorem 21 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over 
the real or complex number field K and {ei}^^j a finite orthonormal family in H. 
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Then for any a,b G H, one has the inequality: 


(2.78) 


1 


^ (a,ei) (ei,6) - - {a,b) 


iGl 


<2 Ik 


The case of equality holds in p. 7iS| j if and only if 

(2.79) {a, Ci) ei = ]-a+ yY («> e*) (e^, 5) - ^ (a, 5) | • 

iG/ ViG/ / 

Proof. We follow the proof in |11| . 

It is well known that, for e ^ 0 and f G H, the following identity holds: 

(/, e) e 


(2.80) 




f- 


Therefore, in Schwarz’s inequality 

(2.81) l(/,e)|^<||/f lief, /,eGi7; 

the case of equality, for e ^ 0 , holds if and only if 

if, e) e 


/ = 


|2 ■ 


Let / := 2^-gj (o,ei) Ci — a and e := b. Then, by Schwarz’s inequality (12.8111 . 
may state that 


2 Y, (Q: e») Gj- a,b ) 
\ iei / 


(2.82) 

with equality, for & 7 ^ 0 , if and only if 


< 


2^ (a, Ci) Ci - . 


iei 


(2.83) 

Since 

and 


2 ^ (a, Ci) Ci - a = ( 2 ^ (a, e^) Ci- a,b 


2 ■ 


IG/ 


zG/ 


/ 2 ^ (o, Ci) Ci - a, 6 \ = 2 ^ (a, e^) (e^, 6 ) - (a, 6 ) 

\ iG/ / iG/ 


2 ^ (a, Ci) Ci - ( 


iG/ 

= 4 


(a,ei) Ci 


iG/ 


-4Re^y](a, ei)ei,a^ + ||a|| 


= 4 I (a, Ci) 1^ - 4 y]] I (a, ef )+ 


= a 


|2 




hence by we deduce the desired inequality (I22H1). 


we 
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Finally, as is equivalent to 




b 



hence the equality holds in Era if and only if is valid. | 


The following result is well known in the literature as Bessel’s inequality 

(2.84) ^ |(a;,e,)|^ < ||ai||^ , x £ H, 

i£l 

where, as above, is a finite orthonormal family in the inner product space 

(H; {;■)). 

If one chooses a = b = x in arm . then one gets the inequality 


iGl 



<i|kll 


2 


which is obviously equivalent to Bessel’s inequality (EMI). Therefore, the inequality 
(1^7^ may be regarded as a generalisation of Bessel’s inequality as well. 

Utilising the Bessel and Cauchy-Bunyakovsky-Schwarz inequalities, one may 
state that 

1 
2 

<ii«ii m 


(2.85) 




(o,ei) {ei,b) 


< 


El 

.iGi 


^a,ei) 


i^E 

iGl 


l(^e,)r 


A different refinement of the inequality between the first and the last term in 
(171^ is incorporated in the following m 

Corollary 12 (Dragomir, 2004). With the assumption of Theorem \21[ we 
have 


( 2 . 86 ) 


y] (a,ei) (ei,6) 
iGl 


< 


E 

iGl 


{a,ei) {ei,b) - - {a,b) 


I (a, 5) I 


<i[lkll l!&ll + l(a,6)|] 
<ll«ll lie'll- 


Remark 22. If the space (iJ; (•,•)) is real, then, obviously, is equivalent 

to: 

(2.87) i ((a, 6) - ||a|| ||6|i) < ^ (a,e.) (e.,6) < i [||a|| ||6|| + (a, 5)]. 


Remark 23. It is obvious that if the family comprises of only a single element 
e = n^, X G H, X ^ 0, then from IFM) we recapture the refinement of Buzano’s 
inequality incorporated in fFTSD while from we deduce Richard’s result from 

|F7^ . 

The following corollary of Theorem is of interest as well HB: 
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Corollary 13 (Dragomir, 2004). Let be a finite orthonormal family 

in (iJ; (•,•)). If x,y G i?\ {0} are such that there exists the constants mi,ni, Mi, 
Ni G 'K, i G I such that: 

Re {x, Ci) Re {y, a) 


( 2 . 88 ) 

and 

(2.89) 
then 

(2.90) 


— 1 < m, < 


< M,<1, iGl 


_ lvn(x,ei) Im (w, Ci) 

-1 < n. < I ' ■ II ' < iV. < 1, iGl 

l|a;|| \\y\\ 


2|:(,n. + „.)-l<£^<l + 2|:(A/. + iV.). 


Proof. We follow the proof in m 

Using Theorem 1211 and the fact that for any complex number z, \z\ > IRezj, 
we have 


(2.91) 


^ Re [(x, Ci) {ei,y)] - ^ Re {x, y) 


iGl 

< 


{x,ef) {ei,y) - - {x,y) 


iGl 

<^lkll bll- 

Since 

Re [(cc, Ci) {ci, y)] = Re {x, ef) Re (j/, ef) + Im (x, ef) Im (y, ef) 
hence by we have: 


(2.92) 


- ^ l|a:|l lly|l + ^R-e(x,y) 

< ^ Re (x, Ci) Re (y, ef] + ^ Im (x, Ci) Im (y, ef) 

iGl iGl 

< ^ Ikll ||y|| + iRe(x,y). 


Utilising the assumptions and lEsni), we have 

(2.93) 


^ (^) Cj) R-e (?/) Si) 

> rrii < y . . . < y Mi 




iGl 


Y^Im(x,e*)Im(y,ei) ^ 


and 
(2.94) 

iG/ iG/ " iG/ 

Finally, on making use of we deduce the desired result (ITM . I 

Remark 24. By Schwarz’s inequality, is it obvious that, in general, 

, Re (x, y) 

_1 ^ ^ ^ 

- Il^llllyll - 

Consequently, the left inequality in i Si. til A) is of interest when J^iei ^ 

while the right inequality in 12. til A) is of interest when J^i^i + ^i) < 0- 
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2.5.3. Refinements of Kurepa’s Ineqnality. The following result holds 

m 

Theorem 22 (Dragomir, 2004). Let {ej} be a finite orthonormal family in 
the real inner product space {H; (•, •)). Then for any w G He, where {He', {■, fe) is 
the complexification of {H; (•, •)), one has the following Bessel’s type inequality: 


(2.95) 



< 

'^{w,ej)l-^{w,w)c 



3(^1 



< Ikll 


2 

c ■ 


Prooe. We follow the proof in |11| . 

Define fj G He, fj '■= [cj, 0), j G I. For any k,jG I we have 


{fij fj)e ~ 0) ’ 0))c ~ 

therefore {fj} is an orthonormal family in {He', {■, •)c) ■ 

If we apply Theorem 12II for {He', {■, fe), = w, b = 'll), 'we may write: 


(2.96) 


E 

jei 


'w,ej),^ {ej,w),^ - - (w,w 


> ‘"/c 


< - Ka L w 


c II ‘"lie ■ 


However, for w := {x, y) G He, we have w = {x, —y) and 

{ej,'w)^ = {{ej,Q),{x,-y))^ = {ej,x) -i{ej,-y) = {ej,x) +i{ej,y) 

and 


{w,ej)e = {{x,y) ,{ej,0))^ = {ej,x) -i{ej,-y) = {x,ej) +i{ej,y) 
for any j G I. Thus {ej,w) = {w, Cj) for each j G I and since 

lkllc = Nllc = (l|2^f+ ll^/f)^ 

we get from (EMll that 


(2.97) 




1 

2 


{w,w)c 


< 2IIHI 


2 

c ■ 


Now, observe that the first inequality in 12.9511 follows by the triangle inequality, 
the second is an obvious consequence of (ICTl and the last one is derived from 
Schwarz’s result. | 


Remark 25. If the family contains only a single element e = n^, 

X G H, X ^ 0, then from we deduce |F7^ , which, in its turn, provides a 

refinement of Kurepa ’s inequality lEM) . 
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2.5.4. An Application for L 2 [—tt,tt]. It is well known that in the Hilbert 
space L 2 [—TT, tt] of all functions / : [—tt, tt] ^ C with the property that / is 
Lebesgue measurable on [— tt, tt] and \f {t)f dt < 00, the set of functions 

r 1 1 1 1 1 

< ,— , cos t, sin t,..., —p= cos nt, -p= sin nt,... 

is orthonormal. 

If by trig t, we denote either sin t or cos t, t £ [— tt, tt] , then on using the results 
from Sections and we may state the following inequality: 


(2.98) 


TL «7r 

■ ^ / f{t) trig (kt) dt- g (t) trig (kt) dt 

J-TT 


/ {t) 9 {t)dt 


< 


1 


\f{t)fdt f \g{t)f dt, 

-TT J — TT 


where all trig {kt) is either sin kt or cos kt, k G {1,..., n} and f G L 2 [— tt, tt] . 

This follows by Theorem 12II 

If one uses Corollary El then one can state the following chain of inequalities 


(2.99) 


< 


^ nTT pTT 

^ / / (t) trig {kt) dt- g {t) trig (kt) dt 

J-7I- 

“XI / / (^) trig (A:t) dt • / g (t) trig {kt) dt 

J-7T 


f {t) g {t)dt 


f {t) g {t)dt 


< 


< 


\f{t)\ dt / \g{t)\^dt] + 


|/(t)| dt / |5(t)| dt 


/ (t) g {t)dt 


where f G L 2 [— tt, tt] . 

Finally, by employing Theorem 1221 we may state: 


I 

TT 

< 


E 

=1 
1 

-T. 

TT • ^ 


f (t) trig {kt) dt 


k=i 

n r 




n 2 


/ (t) trig {kt) dt 


f (t) dt 


f (t) dt 


1 

< - 
- 2 


|/(t)|^dt 


(t) dt 


< 


\f{t)?dt, 


where f G L 2 [— tt, tt] . 
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2.6. Generalizations of Precupanu’s Inequality 


2.6.1. Introduction. In 1976, T. Precupanu [29j obtained the following re¬ 
sult related to the Schwarz inequality in a real inner product space (i7; (•, •)) : 

Theorem 23 (Precupanu, 1976). For any a G H, x,y G H\ {0} , we have the 
inequality: 


( 2 . 100 ) 


-||a|||] 6 || + (a, 6 ) 


^ {x,a){x,b) ^ {y,a){y,b) ^ 


lly|| 


{x,a) {y,b) {x,y) 

WxfWyf 


< 


{a,b) 


In the right-hand side or in the left-hand side of ]2.10(Al we have equality if and 
only if there are A, /r G M such that 


( 2 . 101 ) 


(a;, a) {y,b) m 

A- 5 - • X -h -5 - ■ y = - (Aa -h fib). 

INI" \\yf ^ 


Note for instance that m, if y J_ 6 , i.G., (y, 6 ) — 0, tliGii by one mcLy 

deduce: 






( 2 . 102 ) ^ -- ^ 

for any a,b,x G H, an inequality that has been obtained previously by U. Richard 
m The case of equality in the right-hand side or in the left-hand side of 
holds if and only if there are A, /x G R with 

(2.103) 2X{x,a) x = {Xa-\-fih)\\x\\^ . 

For a = b, we may obtain from the following inequality 


(2.104) 


0 < 


{yx 


_ 2 . (x,q) {y,a) {x,y) ^ 2 


This inequality implies m 

{x,y) 


> 


{x,a) 


{y,a) 


(2.105) 

--|a;||||a|| ||y||||a|| 

In |27| ■ M.H. Moore pointed out the following reverse of the Schwarz inequality 

(2.106) |(i/, 2 ;)| < ||y|| ||z|| , y,zGH, 
where some information about a third vector x is known: 


Theorem 24 (Moore, 1973). Let (iJ; (•,•)) be an inner product space over the 
real field K and x,y,zGH such that: 

(2.107) \{x,y)\ >il-e) ||a:|| ||y|| , |(:r,z)| > (1 - e) ||a:|| ||z|| , 

where e is a positive real number, reasonably small. Then 

(2.108) \{y,z)\ > maxjl - e - v^, 1 - 4e,o| \\y\\ ||z||. 
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Utilising Richard’s inequality iITTT)^ written in the following equivalent form: 

(2.109) 2 - - lloll IWI < («. I.) < 2 - + lloll II 6 II 

for any a,b G H and a G H\ {0}, Precupanu has obtained the following Moore’s 
type result: 

Theorem 25 (Precupanu, 1976). Let {H; {■,■)) be a real inner produet space. 
If a,b,x G H and 0 < ei < £2 such that: 

(2.110) £1 ||a:|| ||a|| < {x,a) < £2 ||x|| ||a|| , 

M ||a:|| || 6 || < {x,b) < £2 IItII || 6 || , 

then 

(2.111) (2£?-l)||a||||6||<(a,6)<(2£? + l)||a|!||6||. 

Remark that the right inequality is always satisfied, since by Schwarz’s inequal¬ 
ity, we have {a,b) < ||a|| || 6 ||. The left inequality may be useful when one assumes 
that £1 G (0,1]. In that case, from (12.11111 . we obtain 

(2.112) -||a|||16||<(2£?-l)||a||||6||<(a,5) 

provided £1 ||a:|| ||a|| < {x,a) and £1 ||a:|| || 6 || < {x,b) , which is a refinement of 
Schwarz’s inequality 

-||a||||6|i<(a,6). 

In the complex case, apparently independent of Richard, M.L. Buzano obtained 
in the following inequality 

(2.113) Kx.„) (.,3)1 Ui°ii Ill’ll+ i<°-‘’U hl 

provided x, a, b are vectors in the complex inner product space (iJ; (•, •)). 

In the same paper m, Precupanu, without mentioning Buzano’s name in 
relation to the inequality observed that, on utilising (Ena, one may 

obtain the following result of Moore type: 

Theorem 26 (Precupanu, 1976). Let (if; (•,•)) be a (real or) complex inner 
product space. Ifx,a,bG H are such that 

(2.114) |((r,a)| > (1 - £) ||a:|| ||a|| , |(x, 6 )| > (1 - £) ||x|| || 6 || , 

then 

(2.115) |(a,5)|>(l-4£ + 2£2)||a|l|16||. 

Note that the above theorem is useful when, for e G (0,1], the quantity 1 — 
Ae + 2e'^ > 0, i.e., £ G (o, 1 - ^ . 

Remark 26. When the space is real, the inequality wjm provides a better 
lower bound for |(a, 6 )| than the second bound in Moore’s result k2.1(JS\} . However, 
it is not known if the first bound in k2.1()8\) remains valid for the case of complex 
spaces. From Moore’s original proof, apparently, the fact that the space (if; (•, •)) 
is real plays an essential role. 

Before we point out some new results for orthonormal families of vectors in real 
or complex inner product spaces, we state the following result that complements 
the Moore type results outlined above for real spaces ESI: 
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Theorem 27 (Dragomir, 2004). Let {H; {■,■)) be a real inner product space 
and a, b,x,y G H\ {0} . 

(i) If there exist (5i, <52 G (0,1] such that 

>4,, > 4, 


lla^ll ll«ll 

and + <^2 > 1, then 


(2.116) 


i^^y) ^ ^ fx , X 3 


(ii) If there exist {^ 2 ) S M such that 

\m\ 

and 1 > /ii > 0 (—1 < /J .2 < 0), then 


(2.117) 




i,b) 


(< 2/^2 + 1 [< 1 ]) ■ 


The proof is obvious by the inequalities EM and EM . We omit the 
details. 

2.6.2. Inequalities for Orthonormal Families. The following result may 
be stated m 

Theorem 28 (Dragomir, 2004). Let {ei}^^j and {fj}j^j be two finite families 
of orthonormal vectors in (H; (•, •)). For any x,y G II\ {0} one has the inequality 


(2.118) 


^ (x, Ci) (e*, 2/) + ^ (x, fj) {fj,y) 






-2 ^ {x,ei) {fj,y) {e,Jj) --{x,y) 
ieijeJ 

The case of equality holds in VA.llt^) if and only if there exists a A S K such that 


<^ 11^11 


(2.119) 


: - Ay = 2 I ^ (x, ei) Ci - A ^ (y, fj) f, 

.iei jeJ 


Proof. We follow the proof in |10| . 
We know that, if u,v G H, v ^ 0, then 


( 2 . 120 ) 


u — 


{u,v) 


Ikflkf 


showing that, in Schwarz’s inequality 

(2.121) i(u,x)r<iiuinixii 

the case of equality, for v ^ 0, holds if and only if 

(u,v) 


( 2 . 122 ) 


' V, 


2 
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i.e. there exists a A S R such that u = Xv. 

Now, let u:=2 {x, a) e^-x and v-2 (?/> fj) fj “ V- 

Observe that 


kll' = 




IGI 


- 4Re / ^ {x,ei) Ci,: 


= 4^|(x,ei)|^-4^|(a;, 


^ iGl 
\ |2 


11^11" = llcrlp. 


iGl 


iGl 


and, similarly 

\\vf = \\yf- 


Also, 

{u,v)=4: {x,e^) {fj,y) {ei,fj} + {x,y) 

- 2 y] (x, e,) (ci, y)-2Y {x. fj) {fj,y) ■ 

iei j&J 

Therefore, by Schwarz’s inequality rnrfTi we deduce the desired inequality (EUHl. 
By mm . the case of equality holds in 12.1 1 8|l if and only if there exists a A € IK 
such that 

2 y] (a;, e,) Ci - a; = A I 2 y] {y, fj) fj-y\ , 

\ jeJ / 

which is equivalent to dznsi). I 

Remark 27. If in fg. 1 1fA) we choose x = y, then we get the inequality: 


(2.123) 


y]|(a;,e,)|Vy]|(a;,/j)|^ 

iG/ j&J 


-2 Y ( 2 ;,e*) (/j,a;) 



<^11^11 


2 


for any x G H. 

If in the above theorem we assume that I = J and fi = Ci, i € I, then we get 
from the Schwarz inequality |(a:,y)| < ||x|| ||i/|| . 

// / n J = 0, / U J = K, gk = Ck, k e /, gk = fk, k G J and {gk}k(zK *■5 
orthonormal, then from \2.11t^) we get: 


(2.124) 


Y {gk,y) 

keK 



<^11^11 lly|l, 


x,yGH 


which has been obtained earlier by the author in EH 
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If I and J reduce to one element, namely ei = |i|||, fi = with e, / ^ 0, 
then from 12.1 1 811 we get 


(2.125) 


3,2/) 


{x,f){f,y) ^ {x,e) {f,y) jej) 

ll/ir ■ WefWff 

<^lkll \\y\\, 


x,y e H 


which is the corresponding complex version of Precupanu’s inequality 12.10011 . 
If in we assume that x = y, then we get 


(2.126) 


\{x,e)\^ ^ \{xj)\^ ^ (x,e) (/,e) (e,/) 1 2 

lief ll/f ■ llefll/f 2 " 


<^lkll 


2 


The following corollary may be stated m 

Corollary 14 (Dragomir, 2004). With the assumptions of Theorem Ig/H we 
have: 


(2.127) 


(x, ei) {ei, y) + Y y) 

iei j&J 


-2 Y (2;,e*) (/j,2/) (e*,/j) 

iei,jeJ 


< 2 + 


Y ( 33 , e^) {et, y)+Y fi') ^fi’V') 

iei jeJ 


-2 Y (^>ei) (/j, 2 /) (ei,/j) - i |(x,?/)| 

<^[l(^,2/)l + l|a^ll bill- 


Proof. The first inequality follows by the triangle inequality for the modulus. 
The second inequality follows by on adding the quantity ^ |(x,y)| on both 

sides. I 
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Remark 28. (1) If we choose in X = y, then we get: 


(2.128) 


iei jeJ 


-2 ^ {x,ei) {fj,x} (ajj) 
ieijeJ 


< 


iei j&J 


< \\x 


-2 ^ {x,ei) {fj,x) {ajj)-^\\xf 
2 


i||.f 


We observe that \2.12f^) will generate Bessel’s inequality if{ei}^^j , {fj}j^j 
are disjoint parts of a larger orthonormal family. 

(2) From l^2.125\l one can obtain: 


(2.129) 


(2.130) 


s) (e,y) 


jxj) if, y) _ 2 {x,e) if, y) (e,/) 

Wff ' llefll/f 

< ^ [lla^ll lly|l + l(a:>?/)l] 


and in particular 



\{x,f)f _ 2 (t, e) if, e) (e, /) 

ll/f ' lief ll/ll" 


< Ikll 


for any x,y G H. 


The case of real inner products will provide a natural genearlization for Precu- 
panu’s inequality (12.10011 |1Q| : 

Corollary 15 (Dragomir, 2004). Let (H; (•, •)) be a real inner product space 
and {eiljgj , {fj}j^j two finite families of orthonormal vectors in (H; (•,•))• For 
any x,y G H\ {0} one has the double inequality: 

(2-131) i [\{x,y)\ - llxll ||?/||] < (y> Si) + ^ (x,/j) (yjj) 

iei jeJ 

-2 ^ {x,e^) (yJj) {cijj) 

<i[lkll ||y|| + |(^,Z/)|]. 

In particular, we have 

(2.132) 0 < '^{x,e^f F^{x,fjf -2 {x,ei) (xjj) {cijj) 

iei jeJ iGij&J 
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for any x G H. 

Remark 29. Similar particular inequalities to those incorporated in i2.124]) - 
imm may be stated, but we omit them. 

2.6.3. Refinements of Kurepa’s Inequality. The following result may be 
stated |10| . 

Theorem 29 (Dragomir, 2004). Let (R; (•,•)) be a real inner product space 
and , {fj}j^j two finite families in H. If {He; (•, •){;) is the complexification 

of {H; (•,•)), then for any w G He, we have the inequalities 



(2.133) 




iei,jeJ 



Prooe. Define gj G He, gj := (e^, 0 ), j G I. For any k,jGl we have 

{9k,gj)e ~ ((sfci 0) j (cj, 0))^ = {ck, Cj) = 5kj, 


therefore {gj} -gj is an orthonormal family in {He; {■, -je) ■ 

If we apply Corollarvll4lfor {He; {■, ■)e) , x = w, y = w, we may write: 


(2.134) 








iei,jeJ 


< 2 [l(^«.«^)cl + ll^llcll^llc]- 


1 


However, for w := {x, y) G He, we have w = {x, —y) and 

{ej,w)e = {{ej,Q) ,{x,-y))^ = {ej,x) +i{ej,y) 


and 


{w,ej)^ = {{x,y) ,{ej,0))^ = {x,ej) + i {ej,y) 
















64 


2. SCHWARZ RELATED INEQUALITIES 


showing that { ej , w ) = { w , ej ) for any j G I. A similar relation is true for fj and 
since 

IIHIc = ll^llc=(lkf+ ll^/ll')^ 

hence from (12. 13411 we deduce the desired inequality 112.1 3311 . | 


Remark 30. It is obvious that, if one family, say {fj} -^j is empty, then, on 
nhservinn that all sums , should he zero. from. \‘2. IdfH) one would, aet EB] 


(2.135) 


iGl 


< 2 l(^>^)cl 


1 

< - 

- 2 1 


E 

iGi 


'w,ei)c - - {w,w)^ 


j, I 


< w 


c ■ 


If in I2.1d5\) one assumes that the family contains only one element e = 

iy|||-,a 7 ^ 0, then by selecting w = z, one would deduce ^2.71}) , which is a refinement 
for Kurepa’s inequality. 


2.7. Some New Refinements of the Schwarz Inequality 
2.7.1. Refinements. The following result holds m 

Theorem 30 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over 
the real or complex number field K and ri,r 2 >0. If x,y G H are with the property 
that 

(2.136) \\x - y\\ > r 2 > ri > |||a;|| - ||y|||, 
then we have the following refinement of Schwarz’s inequality 

(2.137) ||a;|| || 2 /|i - Re {x, v) {rl - ?'?) (> 0). 

The constant 1 is best possible in the sense that it cannot be replaced by a larger 
quantity. 

Prooe. From the first inequality in (12.13611 we have 

(2.138) llxf + \\yf >rl + 2Re {x, y). 

Subtracting in (12.13811 the quantity 2 ||a;|| ||?/|| , we get 

(2.139) (||T||-||y||)^>r|-2(||x||||y||-Re(T,y)). 

Since, by the second inequality in (12.13611 we have 

(2.140) > (11:^11 - lly||)^ 

hence from (12.13011 and (12.14011 we deduce the desired inequality (12.13711 . 

To prove the sharpness of the constant 1 in (ED, let us assume that there 
is a constant C > 0 such that 

(2.141) ||x|| ||?/|| - Re (x, y)>C {rj - r?) , 


provided that x and y satisfy ED. 
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Let e £ H with ||e|| = 1 and for r 2 > ri > 0, define 
(2.142) 

Then 


r2 + ri , ri- r2 

X = —-— • e and y = —-— • e. 

O ^ O 


\\x-y\\ =r 2 and |||a;|| - \\y\\\ = n, 
showing that the condition 12 .i:-{(ill is fulfilled with equality. 


If we replace x and y as defined in 12.14211 into the inequality I2.141II . then we 


get 


>C{rl- rl) , 


which implies that C < ^, and the theorem is completely proved. | 

The following corollary holds. 

Corollary 16. With the assumptions of Theorem AStA we have the inequality: 


(2-143) Ikll + \\y\\ -^\\x + y|| > ^\Jr 2 - ^ 1 - 

Proof. We have, by that 

(l|a:|| + lly|l)^ - Ik + yf = 2(||a;|| ||y|| - Re (x, y)) > > 0 

which gives 

(2.144) (Ikll + ||y||)^ > llx + yf + . 

By making use of the elementary inequality 

2 (^Q,^ + /3 ) ^ (o + /?) , o, /? > 0; 

we get 

(2.145) \\x + yf + ^ ^||x + y|| + -r2^ . 

Utilising 12.14411 and 12.14511 . we deduce the desired inequality 12.14511 . | 

If [H] (-, •)) is a Hilbert space and {ei}^^j is an orthornormal family in H, i.e., 
we recall that {ei,ej) = 5ij for any i,j € /, where Sij is Kronecker’s delta, then 
we have the following inequality which is well known in the literature as Bessel’s 
inequality 

(2.146) ^ |(a;,Ci)!^ < ||a;||^ for each x £ H. 
iei 

Here, the meaning of the sum is 

\ {x,ei)f = sup < |(a;,ei)|^ , U is a finite part of / > . 

The following result providing a refinement of the Bessel inequality H2.14611 
holds [12) . 
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Theorem 31 (Dragomir, 2004). Let {H; {■,■)) be a Hilbert space and {ei}^^j 
an orthonormal family in H. If x € H, x 0, and r 2 ,ri >0 are such that: 


(2.147) 


' - ^ {x,e^) Ci 


i^I 


> ra > ri > ||x|| - [ ^ |(a;,ei)n (> 0), 




then we have the inequality 
(2.148) ||x||- (^|(t,, 


06/ 


1 

> - 

- 2 


' 2 ~ ' 1 




-(> 0 ). 


The constant ^ is best possible. 


Prooe. Consider y := X^ig/ {x,ei)ei. Obviously, since H is a Hilbert space, 
y G H. We also note that 


\\y\\ = 




IGI 


\ 




IGI 






and thus (12.14711 is in fact 112. 13611 of Theorem 1301 
Since 


|2;|| IIj/II - Re(x,j/) = ||x|| [ ^ |(x,ei)|^ j - Re / (a;,ei) e^ 






= 


\i^I 






hence, by inszi), we deduce the desired result (12.14811 . 

We will prove the sharpness of the constant for the case of one element, i.e., 
I = {1} , Cl = e G H, ||e|| = 1. For this, assume that there exists a constant H > 0 
such that 


(2.149) 


|a;|| - \{x,e)\ > D 


rl - rl 
\{x,e)\ 


provided x G 77\ {0} satisfies the condition 

(2.150) ||a: - {x,e) e|| > ra > ri > ||a;|| - |(a:,e)|. 

Assume that x = Xe + yf with e, f G H, ||e|| = ||/|| = 1 and e T /. We wish to see 
if there exists positive numbers A, fj. such that 

(2.151) ||a: - (x,e) e|| = ra > n = ||x|| - |(x,e)|. 

Since (for A, // > 0) 

||x- (x,e)e|| = y 

and _ 

Ikll - l(a^>e)| = \lx^ A 
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hence, by 12.151II . we get = r 2 and 


giving 

from where we get 


IX^ + ri-\ = ri 

+ 2Ari + rj 


t. 2 _ r-2 

A = i > 0. 


2ri 


With these values for A and /r, we have 

lla^ll - l(a;,e)| =r-i, 
and thus, from 12. 14911 . we deduce 

ri > D ' 


c,e)| = 


^2-^1 

2ri 


2ri 


giving D < ^. This proves the theorem. | 

The following corollary is obvious. 

Corollary 17. Let x,y G H with {x,y) ^ 0 and r 2 > ti > 0 such that 


(2.152) 


{x,y) 

\x -ru-T- -y 


bll 


> r 2 \\y\\ > n llyll 

>lkll Il2/||-|(^,2/)l(> 0). 


Then we have the following refinement of the Schwarz’s inequality: 

I _ _ II 'J/l' ^ 

(2.153) 


IIj/II - \{x,y)\ > ^ [rl-rl) 0) • 


The constant A is best possible. 

The following lemma holds |12| . 

Lemma 3 (Dragomir, 2004). Let {H; {■,■)) be an inner product space and R > 1. 
For x,y G H, the subsequent statements are equivalent: 

(i) The following refinement of the triangle inequality holds: 

(2.154) ||a;|| + llyll > i?||x + ?/|| ; 

(ii) The following refinement of the Schwarz inequality holds: 


||x|| ||j/|| - Re (x, y) > 2 - 1) 11^ + yf ■ 


(2.155) 

Proof. Taking the square in 12.15411 . we have 

(2.156) 2||x||||2/|| > {R^ - l) \\xf + 2R^ Re {x,y) + {R^ - l) \\yf . 
Subtracting from both sides of 12.15611 the quantity 2 Re (x, y) , we obtain 

2 (l|a;|| ||y|| - Re (x, y)) > {R^ - l) ||xf + 2 Re (x, y) + \\yf^ 

= - 1) Ik + yf > 

which is clearly equivalent to (EM- 1 
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By the use of the above lemma, we may now state the following theorem con¬ 
cerning another refinement of the Schwarz inequality m 

Theorem 32 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over 
the real or complex number field and R > 1, r > 0. If x,y G H are such that 

(2.157) ^(||^|| + ||y||)>||:, + y||>^, 

then we have the following refinement of the Schwarz inequality 

(2.158) ||t|| ||i/|| - Re (t, v) >\ {R^ -l)r^. 

The constant 1 is best possible in the sense that it cannot be replaced by a larger 
quantity. 


Prooe. The inequality 12.15811 follows easily from Lemma |21 We need only 
prove that 1 is the best possible constant in 12.15811 . 

Assume that there exists a C > 0 such that 


(2.159) ||x|| IIj/II - Re (x, y)>C {R^ - l) 


provided x,y, R and r satisfy Eina. 

Consider r = 1, i? > 1 and choose x = y = 1-^e with e £ H, ||e|| = 1. 

Then 


x + y = e, 


R 


= 1 


and thus 12.15711 holds with equality on both sides. 

From for the above choices, we have ^ (i?^ — l) > C (i?^ — l) , which 

shows that C < 1. | 


Finally, the following result also holds m 


Theorem 33 (Dragomir, 2004). Let {H; (•,•)) be an inner product space over 
the real or complex number field K and r £ (0,1]. For x,y £ H, the following 
statements are equivalent: 

(i) We have the inequality 

(2.160) |||x|| - llylll < r||x-j/ll ; 

(ii) We have the following refinement of the Schwarz inequality 

(2.161) ||x|| IIj/II - Re(x, 2 /) > i (l - r^) \\x - yf . 

The constant 1 in is best possible. 

Prooe. Taking the square in 12.16011 . we have 

lla^f - 2||x|| ||y|| -f \\yf < (||xf - 2Re(x,y) -f Hyf) 


which is clearly equivalent to 

(l-r^) \\xf -2Re{x,y) + \\yf < 2 (||x|| ||?/|| - Re (x, y)) 
or with 12.16111 . 

Now, assume that (ITTCTt holds with a constant E > 0, i.e., 

(2.162) ||x|| ||y|| - Re (x, y) > £; (l - r^) ||x - yf , 
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provided 12. 16011 holds. 

Define x = y = with e £ H, ||e|| = 1. Then 
ll|a:|| - llylll = D \\x-y\\ = l 


showing that 12.16011 holds with equality. 

If we replace x and y in 12.162II . then we get i?(l — < 5(1 — ’'^)) implying 

that E <^. t 

2.7.2. Discrete Inequalities. Assume that {K; (•, •)) is a Hilbert space over 
the real or complex number field. Assume also that pi > 0, i £ H with Pi = 1 
and define 

£p (K) := |x := x* G K, i G N and ^Pi lki||^ < ooj . 

It is well known that i'i (K) endowed with the inner product (•, •) defined by 




i=l 


and generating the norm 


■= T. 


Pi \\Xi\ 


is a Hilbert space over K. 

We may state the following discrete inequality improving the Cauchy-Bunyakovsky- 
Schwarz classical result m 

Proposition 16. Let (AT; (•,•)) be a Hilbert space and pi > 0 {i£N) with 
SfciPi = Assume that x,y G (AT) and ri,r 2 > 0 satisfy the condition 


(2.163) 


\\xi - yi\\ > 7-2 > ri > Ilixill - \\yi\ 


for each i G N. Then we have the following refinement of the Cauchy-Bunyakovsky- 
Schwarz inequality 


(2.164) ( ||2/*|M -'^p^Re{xi,yi) 


>^{rl-rl)>0. 


The constant ^ is best possible. 

Proof. From the condition 12.16311 we simply deduce 

00 00 

(2.165) J2p^ >rl>rl>'^pi (||xi|| - ||y,||)^ 


2=1 


> 


E 


i=l 


Pi \\xi\: 


n 2 


- E 


Pi \\yi\: 
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In terms of the norm IHIp , the inequality (12.16511 may be written as 


(2.166) 


y||p > r 2 > n > 




Utilising Theorem 1201 for the Hilbert space \^£p {K) , (•, •)pj , we deduce the desired 
inequality JTTTRIl . 

For n = 1 (pi = 1) , the inequality (12.16411 reduces to (12. 111711 for which we have 
shown that | is the best possible constant. | 


By the use of Corollary 1 161 we may state the following result as well. 
Corollary 18. With the assumptions of Proposition^^ we have the inequality 


(2.167) 




2 


\\x^+yi\\ 





— r 


2 

1* 


The following proposition also holds 


Proposition 17. Let (if; (•,•)) be a Hilbert space and pi > 0 (i G N) with 
YlTLiPi = 1- Assume that x,y G £p {K) and R > 1, r > 0 satisfy the condition 

(2-168) i (||xi|| + llyill) > \\xi + y,\\ > r 

for each i G N. Then we have the following refinement of the Schwarz inequality 


C OO OO \ 2 OO 

\\xi\f'^P^ \\y^\? I - '^Pi^e{xi,yi) 

i=l i=l / i=l 

>i(i?2_i)^2 

The constant 1 is best possible in the sense that it cannot be replaced by a larger 
quantity. 


Proof. By (12.16811 we deduce 


(2.170) 


1 

R 


'^p^ (l|a:*ll + WviWf 


> ^Pi \\x^ + yi\ 


> r. 


By the classical Minkowsky inequality for nonnegative numbers, we have 


(2.171) + E 


Pi WVi 






> 


'^p^ (Ikill + llyill 


.2 = 1 
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and thus, by utilising (12.17011 and (I2.171II . we may state in terms of || • the following 
inequality 

(2-172) i (||x||p + ||y||p) > ||x + y||p > r. 

Employing Theorem |33 for the Hilbert space £p (K) and the inequality (12.17211 . we 
deduce the desired result Eini. 

Since, for p = 1, n = 1, mm reduced to for which we have shown 

that ^ is the best constant, we conclude that ^ is the best constant in mm as 
well. I 


Finally, we may state and prove the following result incorporated in 

Proposition 18. Let (itT; (-,•)) be a Hilbert space and pi > 0 (i G N) with 
Sfci Pi — 1- Assume that x, y G (K) and r G (0,1] such that 

(2.173) lll^^ill - llyilll < T llxi - Pill foreachi^'H, 

holds true. Then we have the following refinement of the Schwarz inequality 


2 OO 


\i^l 


2=1 


2=1 


(2.174) ( lixif ||p,f ) - ^p*Re(xi,p*) 

OO 

>l(i-p)E 


Pt \\xi - y^\ 


The constant 1 is best possible in 
Proof. From H2.1 7311 we have 




.2=1 


< r 


E 

.1=1 


Pi \\Xi - Vi 


Utilising the following elementary result 


E 

\i=l 


Pi \\Xi\ 


- E 


P^ llPil 


< (- ii2/*ii)" 


we may state that 




< ’'l|x-y||p. 


Now, by making use of Theorem |22l we deduce the desired inequality (12.17411 and 
the fact that ^ is the best possible constant. We omit the details. | 


2.7.3. Integral Inequalities. Assume that (AT; (-, •)) is a Hilbert space over 
the real or complex number field K. If p : [a, 6] C M ^ [0, oo) is a Lebesgue inte- 
grable function with p{t)dt = 1, then we may consider the space ([a, b ]; K) of 
all functions / : [a, 5] ^ K, that are Bochner measurable and p(t) \\f {t)\f dt < 
oo. It is known that ([a, b ]; K) endowed with the inner product (-, ■)p defined by 

{f,9)p-= [ P{t)if (t) ,9{t))dt 

J a 
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and generating the norm 

P{i) \\fit)fd?j 

is a Hilbert space over K. 

Now we may state and prove the first refinement of the Cauchy-Bunyakovsky- 
Schwarz integral inequality m 

Proposition 19. Assume that f,g G {[a,b]; K) and r2,ri > 0 satisfy the 
eondition 



(2.175) ||/(t)-ff(i)ll>^2>ri>|||/(t)||-||5(f)||| 

for a.e. t G [a,b]. Then we have the inequality 


(2.176) 


'V(t)||/(t)f dt t pm9{t)\?dt 


- J pit) Re if it ), g (t)) dt>^ {rl - r?) (> 0 ). 


The constant ^ is best possible in wrm - 
Proof. Integrating we get 


(2.177) 


Pit)i\\f it) - git)\\) dt 


> T2 > ri > 


Pit)i\\fit)\\-\\git)\\)^dt 


Utilising the obvious fact 

pb 


(2.178) 


Pit)i\\fit)\\-\\g{t)\\rdt 


> 


J Pit)\\f it)f dtj - (j p{t)\\git)\\ 


dt 


we can state the following inequality in terms of the H-H norm: 


(2.179) 


Wf-gL > 7-2 > ri > 


-IldlL 


Employing Theorem 1201 for the Hilbert space ([a, b]\K), we deduce the desired 
inequality 

To prove the sharpness of ^ in JTTTHIi . we choose a = 0, 6 = 1, / (t) = 1, 
t G [0,1] and / (t) = X, g (t) = y, t G [a, b], x,y G K. Then 12.17611 becomes 

||a:|| ||y|| -Re(a;,y) > ^ (r^ - r?) 

provided 

||a:- y|| > r2 > ri > |||a;|| - ||y|||, 

which, by Theorem 1801 has the quantity ^ as the best possible constant. | 
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The following corollary holds. 

Corollary 19. With the assumptions of Proposition^^ we have the inequality 
(2.180) {^j p(t)\\f{t)f d?j p(t)\\g(t)f d?j 

The following two refinements of the Cauchy-Bunyakovsky-Schwarz (CBS) in¬ 
tegral inequality also hold. 

Proposition 20. If f,g G ([a, b ]; K) and R> 1, r > 0 satisfy the condition 


(2.181) 


■^{\\fm + \\9m)>\\fit)+gm>r 


for a.e. t S [a,b ], then we have the inequality 


(2.182) 


P{t)\\f{i)\?dt p{t)\\g{t)\\^ dt 


- J P{t) Re (/ (t), g (t)) dt>^ (i?2 - 1) r^. 

The constant I is best possible in mm- 

The proof follows by Theoremld2l and we omit the details. 

Proposition 21. If f,g € ([a, b] ; K ) and C S (0,1] satisfy the condition 

( 2 . 183 ) \\\fm-\\9m\<c\\f{t)-gm 
for a.e. t G [a, 6], then we have the inequality 

(2.184) p{t)\\f {t)\\^ dt j p{t)\\g{t)f d?j 

- [ Pit)'R-e{f (t) ,g{t))dt 

J a 

j P {t) 11/ (0 - 9 it)fdt. 

The constant 1 is best possible in mm - 

The proof follows by Theorem 1331 and we omit the details. 

2.7.4. Refinements of the Heisenberg Inequality. It is well known that if 
[H] •)) is a real or complex Hilbert space and / : [a, 6] C M —s-R is an absolutely 

continuous vector-valued function, then / is differentiable almost everywhere on 
[a, b], the derivative /' : [a, 6] —s- R is Bochner integrable on [a, b] and 

fit)= [ f (s) ds for any t G [a, b] . 

J a 


(2.185) 
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The following theorem provides a version of the Heisenberg inequalities in the 
general setting of Hilbert spaces m 

Theorem 34 (Dragomir, 2004). Let ip : [a,b] ^ H be an absolutely continuous 
function with the property that b \\p (b)\\ =a||</3(a)|| . Then we have the inequality: 


(2.186) (f\\p{t)fdt] <4 [\^\\p{t)fdt- f'wp'm^dt. 

\J a J J a J a 

The constant 4 is best possible in the sense that it cannot be replaced by a smaller 
constant. 


Prooe. Integrating by parts, we have successively 

rb 


(2.187) 


\ip{t)\\ dt 


= t\\TitW 


- / t 


dt 




dt 


= b \\p (6)f - a \\p (a)f - ^ tj^{p {f ), p {t)) dt 

= - / ^ [{t' (t), T {t)) + {p {t), p' (t))] dt 
J a 

= —2 f f Re {p (t) ,p{t)) dt 
J a 

= 2 / Re {p' (t), (—t) p (<)) dt. 

J a 

If we apply the Cauchy-Bunyakovsky-Schwarz integral inequality 

f Re{git),h{t))dt< ( f \\g{t)fdtf \\h{t)fdt\ 

^a \Ja J a J 

for g (t) = p' (t) ^ h{t) = —tp {t), t £ [a, b], then we deduce the desired inequality 

The fact that 4 is the best constant in (12.17611 follows from the fact that in the 
(CBS) inequality, the case of equality holds iff g (t) = Xh (t) for a.e. t S [a, b] and 
A a given scalar in K. We omit the details. | 


For details on the classical Heisenberg inequality, see, for instance. 

Utilising Proposition ^1 we can state the following refinement of the 
Heisenberg inequality obtained above in 112. 18611 : 

Proposition 22. Assume that p : [a,b] H is as in the hypothesis of Theorem 
m In addition, if there exists r2,ri >0 so that 

\\p (t) + tp {t)\\ > 72 > ri > |||(/5'(t)|| - \t\ ||:/5(t)||| 
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for a.e. t G [a,b ], then we have the inequality 

\W {t)\? dt ■ j \\(p'{t)fd?j \\ip{t)fdt 

>lib-a) H-r?)(> 0). 

The proof follows by Proposition El on choosing / (t) = ip' {t) ,g{t) = —tip {t) 
and p(t) = G [a,b]. 

On utilising the ProDOsitionl2()l for the same choices of /, g and p, we may state 
the following results as well m 

Proposition 23. Assume that tp : [a,b] —>■ H is as in the hypothesis of Theorem 
\34\ In addition, if there exists R>1 and r > 0 so that 

iW (i)ll + 1^1 llv^ (Oil) > \W (0 - tT (Oil > r 

for a.e. t G [a, 5], then we have the inequality 

1 . 

dt- j \\ip'(t)\f d^ \\ip(t)fdt 

> i(5_a) { R ^- l ) r ^ (> 0). 

Finally, we can state 

Proposition 24. Let p : [a,b] —>• H be as in the hypothesis of Theorem \34\ In 
addition, if there exists f G (0,1] so that 

wm-\t\\\Tm\<c\\T^(.t)+tpm 
for a.e. t G [a, 5], then we have the inequality 

(^J \\t it)f dt ■ J \\p'{t)\f d?j \\p(t)fdt 

> ^ (1 - C^) J W (0 + It (Of dt (> 0). 

This follows by Proposition 12II and we omit the details. 

2.8. More Schwarz Related Inequalities 

2.8.1. Introduction. In practice, one may need reverses of the Schwarz in¬ 
equality, namely, upper bounds for the quantities 

Ikll lly|l - Re(a:,y) , ||a;f \\yf - {Re{x,y)f 

and 

Ikll bll 

Re {x, y) 

or the corresponding expressions where Re {x, y) is replaced by either |Re {x, y) \ or 
|(a;,y)|, under suitable assumptions for the vectors x,y in an inner product space 
{H; (•, •)) over the real or complex number field K. 
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In this class of results, we mention the following recent reverses of the Schwarz 
inequality due to the present author, that can be found, for instance, in the survey 
work [3|, where more specific references are provided: 


Theorem 35 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over 
K (K = C,K). //a,€ K and x,y € H are such that either 

(2.188) Iie{Ay — x,x — ay) >0, 


or, equivalently, 
(2.189) 


A a 

X - —y 




then the following reverse for the quadratic form of the Schwarz inequality 
(2.190) iO<)\\xf\\yf-\{x,y)f 


il^-4 


< 


^^\\yf-{x,y) 


i 1^- a|^ 112/4 - II2/4 Re (Ay - X, a; - ay) 
<l\A-af\\y\f 

holds. 

If in addition, we have Re (Ad) > 0, then 

(2.191) ii.ii toll < 1 . 

2 ^yRe (Aa) 2 y/Re (Aa) 

and 


\{x,y)\, 


(0 <) llxf llyf - |(x,y)|^ < i • |(x,y)|^ . 


(2.192) V -^2 11-11 iiyii ^4 Re(Aa) 

Also, if i2.1SS\} or \2.1Hy\) are valid and A —a, then we have the reverse for the 
simple form of Schwarz inequality 

A a 


(2.193) 


(0 <) ||x|| ||y|| - |(x,y)| < ||x 
<||x|| ||y||-Re^^ + “ 


Re 


JA + a| 


{x,y) 


x,y) 


< - 


1 |A - a|^ 2 

""" 


JA + o| 

The multiplicative constants | and ^ above are best possible in the sense that they 
cannot be replaced by a smaller quantity. 


For some classical results related to Schwarz inequality, see El, EB, m. m, 
insj and the references therein. 

The main aim of the present section is to point out other results in connection 
with both the quadratic and simple forms of the Schwarz inequality. As applica¬ 
tions, some reverse results for the generalised triangle inequality, i.e., upper bounds 
for the quantity 


(0 <)^ ||xi|| - 


2=1 


E 

i=l 


Xi 


under various assumptions for the vectors Xi G H, i G {1,... ,n} , are established. 
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2.8.2. Refinements and Reverses. The following result holds [J. 

Proposition 25. Let (H; {■,■)) be an inner product space over the real or 
complex number field K. The subsequent statements are equivalent. 

(i) The following inequality holds 


(2.194) 

(ii 

(2.195) 


< {>)r; 


'V 7/ 

(ii) The following reverse (improvement) of Schwarz’s inequality holds 

1 


|a;|| ||y|| - Re (a:,?/) < (>) ||a:|| ||i/|| . 

The constant i is best possible in 12.195\) in the sense that it cannot be 
replaced by a larger (smaller) quantity. 


Remark 31. Since 

llllyll X - ||a;|| y\\ = ||||y|| {x - y) + (||y|| - ||a; 

< bll \\x-y\\ + Ibll - ||a;|| 

<2b|| \\x-y\\ 

hence a sufficient condition for ^2.194)) to hold is 

(2.196) ||^_y||<:||a:||. 

Remark 32. Utilising the Dunkl-Williams inequality 

(2.197) ||a_6||>i(||a|| + ||6||) 

with equality if and only if either ||a|| = ||6|| or ||a| 
the following inequality 


a 

b 

R 

"M 


|a;|| ||y|| - Re{x,y) 


\\x-y\\ 

kll + lly|| 


, a,5GR\{0} 

+ ||6|| = ||a — 6|| , we ean state 

x,y G H\ {0}. 


(2.198) .7 .^ < 2 

l|a:|| Ill/ll 

Obviously, if x,y G H\ {0} are such that 

(2.199) ||a:-y|| < ??(||a;|| 
with r] G (0,1], then one has the following reverse of the Schwarz inequality 

(2.200) ||T||||2/||-Re(a:,y)<2ry2||^||||y|| 
that is similar to msB- 

The following result may be stated as well [7| . 

Proposition 26. If x,y G H\ {0} and p > 0 are such that 

X y 

M~M 

then we have the following reverse of Schwarz’s inequality 
(2-202) (0 <)||a;|| ||y|| - \{x,y)\ < ||a;|| ||?/|| -Re(a;,y) 

<Ip^M Ibll- 


( 2 . 201 ) 


< P, 
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The case of equality holds in the last inequality in ]2.2(M) if and only if 
(2.203) ||a;|| = ||y|| and \\x - y\\ = p. 

The constant ^ in 12.2()‘A) cannot be replaced by a smaller quantity. 
Proof. Taking the square in 12.2()lll . we get 
||xf 2Re{x,y) H"'"^ 


(2.204) 

Since, obviously 

(2.205) 


llyll 


<p"- 


2 < 


ll^f , bf 
\\yf ll^f 


with equality iff ||a;|| = ||y|| , hence by 12.20411 we deduce the second inequality in 

The case of equality and the best constant are obvious and we omit the de¬ 
tails. I 


Remark 33. In |24| . Hile obtained the following inequality 

(2.206) II ll^r - hr y\\ < ~ Ik - y|l 

Ikll - Ikll 


provided v > 0 and |k|| ^ ||y|| . 

If in \2.20f)\) we choose v = 1 and take the square, then we get 

(2.207) ||xf - 2 ||x|| bll Re {x, y) + \\y\f < (Ikll + Ikll)" Ik - 2/f ■ 

Since, 

\\xr + \\y\f> 2 \\xf\\yf, 

hence, by i2.207{) we deduce 


(2.208) (0 <) I 


(Ikll + lkllfIk-i/f 

llxllllull 


provided x,y G H\ {0} . 

The following inequality is due to Goldstein, Ryff and Clarke [221 p. 309]: 

Re (x, y) 


(2.209) ||xf'- + ||yf’'-2||x|nkl'’' 


Ikll 


< 


||x||^’’ ^Ik —y||^ if r > 1 

IkfIk - 2/f if r < 1 


provided r G M and x,y G H with ||x|| > ||?/|| . 

Utilising I2.209|l we may state the following proposition containing a different 
reverse of the Schwarz inequality in inner product spaces 
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Proposition 27. Let (77; (•,•)) be an inner product space over the real or 
complex number field K. If x,y G H\ {0} and ||ai|| > ||?/|| , then we have 

(2-210) 0 < ||a;|| ||y|| - |(a;,y)| < ||a;|| \\y\\ - Re{x,y) 

( m ) W^-yf if r>l, 


< 


1 (\M'\ 

2 


1 —r 


- yf if r <1. 


Proof. It follows from (12.20911 . on dividing by ||ai||^ \\y\\^ , that 


( 2 . 211 ) 


llyll 


M 

kll 


- 2 


Re (a:, y) 


\x - yf if r > 1, 


< 


Since 


hence, by one has 


> 2 , 


k-j/ir 


if r < 1. 


„ „ Re (x, y) 

2 - 2 • „ f < 


k - yf if r>l, 


\x — yf if r < 1. 


Dividing this inequality by 2 and multiplying with ||x|| || 2 /|| , we deduce the desired 
result in (12.21011 . | 

Another result providing a different additive reverse (refinement) of the Schwarz 
inequality may be stated 0. 

Proposition 28. Let x,y G H with y ^ 0 and r > 0. The subsequent state¬ 
ments are equivalent: 

(i) The following inequality holds: 


( 2 . 212 ) 


X — 


c,y) 


llyl! 


y 


< (>)r; 


(ii) The following reverse (refinement) of the quadratic Schwarz inequality 
holds: 

2 ll„,l|2 


\\xf\\yf-\{x,y)f<{>)rf\y\\ 


(2.213) 

The proof is obvious on taking the square in (12.21211 and performing the calcu¬ 
lation. 


Remark 34. Since 

\\yf X- {x,y}y 


= \\yf (x-y)-{x-y,y)y 
< \\yf \\x-y\\ + \{x-y,y)\\\y\\ 

<2\\x-y\\M\ 
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hence a sujficient condition for the inequality 1^2. 21 ‘A) to hold is that 
(2.214) l|x-2/||<^. 

The following proposition may give a complementary approach |Y]: 
Proposition 29. Let x,y G H with {x,y) 0 and p > 0. If 


(2.215) 

{x,y) 

X 1 , , 1 • ?/ < P, 

\{x,y)\ 

then 

(0 <) ||x|| ||y|| - \{x,y)\ < 

(2.216) 


The multiplicative constant 1 is best possible in h2.21h\) . 

The proof is similar to the ones outlined above and we omit it. 

For the case of complex inner product spaces, we may state the following result 


Proposition 30. Let {H; (•, •)) be a complex inner product space and a G C a 
given complex number with Rea, Ima > 0. If x,y G H are such that 

Ima 

X — — - - y < r, 


(2.217) 

then we have the inequality 


Rea 


(2.218) (0<)||x||||y||-|(T,2/)|<||T||||i/||-Re(x,2/) 

1 Re a 9 

<- r^. 

2 Im a 

The equality holds in the second inequality in \2.21S\) if and only if the case of 
equality holds in {2.211^ and Rea • ||a:|| = Ima • ||y|| . 

Proof. Observe that the condition is equivalent to 

(2.219) [Rea]^ ||a;||^ + [Ima]^ ||i/||^ < 2 Re a Ima Re (x, y) + [Rea]^ r^. 


On the other hand, on utilising the elementary inequality 

(2.220) 2ReaIma ||a;|| ||?/|| < [Rea]^ ||a;||^ + [Ima]^ ||i/||^ , 

with equality if and only if Rea • ||ai|| = Ima • ||i/|| , we deduce from that 

(2.221) 2ReaIma ||a;|| || 2 /|| < 2ReaImaRe {x,y) + [Rea]^ 

giving the desired inequality E2IHI). 

The case of equality follows from the above and we omit the details. | 


The following different reverse for the Schwarz inequality that holds for both 
real and complex inner product spaces may be stated as well [?]■ 


Theorem 36 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over 
K,K = C,R. If a G ]K\ {0} , then 


0 < 11x11 \\y\\ - \{x,y)\ < ||x|| ||y|| - Re 


{x,y) 

|a| 


1 [|Rea| \\x-y\\ + |Ima| \\x + y\\]^ < 1 r2 

■ 2 ■ |a|2 - 2 ■ 


( 2 . 222 ) 
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where 


(2.223) 


I ■■= 


max{|Rea|, |Ima|} (||a; - y|| + ||a; + ?/||); 
(IRear + (||x - yf + ||x + 

p > 1. I + i = 1; 

. max{||a;- i/ll , ||x + y||} (|Rea| + |Ima|). 
Proof. Observe, for a G K\ {0} , that 

\\ax-ay\\^ = \a\^ ||a;||^ - 2Re(aa;,ay) + \a\^ \\y\\'^ 
= |a|^ (l|a;f + ||yf) - 2Re [a^ {x,y)] . 

Since ||a;f + \\y\f > 2 ||a;|| ||y|| , hence 


(2.224) 


ax — ay\f > 2 \a\^ ■( ||a; 


INI lly||-Re 

y) 

1 

1 

LNI J 

j 


On the other hand, we have 

(2.225) Ijaa:: — dyll = || (Re a + i Ima) x — (Re a — iluia)y\\ 

= IjRea {x — y) -\- ilvaa (x + ?/)|j 
< |Rea| ||a; - y\\ + |Ima| \\x + y\\ . 


Utilising (12.22411 and 112.22511 we deduce the third inequality in (12.22211 . 
For the last inequality we use the following elementary inequality 


(2.226) 


aa + Pb < 


max {a, /?} (a + b) 


(aP + /3P)r + P>1, i + i = 


provided a, P, a,b > 0. | 

The following result may be stated [3 • 

Proposition 31. Let {H; (•, •)) be an inner product over K and e G H, ||e|| = 1. 
If X G (0,1) , then 


(2.227) Re[(x,y)-(a:,e)(e,y)] 

1 1 

< 


||Ax + (1 - A)yf - |(Ax + (1 - A)y,e)|^ 


4 A(l-A) L 
The constant j is best possible. 

Proof. Firstly, note that the following equality holds true 
(x - (x, e)e,y- {y, e) e) = (x, y) - (x, e) (e, y). 
Utilising the elementary inequality 

Re(z,w) < i llz + icf , 


z,w G H 
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we have 


Re (x - (x, e)e,y- {y, e) e) 
1 


1 

< - 


A(l-A) 

1 


Re (Ax — (Ax, e) e, (1 — A) ?/ — ((1 — A) y, e) e) 


||Ax + (1 - X)yf - |(Ax + (1 - X)y,e)\^ 


4 A(l-A) L" 
proving the desired inequality (E223. I 

Remark 35. For A = we get the simpler inequality: 


(2.228) 


R-e[(a:,2/) - (x, e) {e,y)] < 


x + y 

2 

/x + y \ 

2 


\ 2 ’ / 


that has been obtained in |4l p. 46], for which the sharpness of the inequality was 
established. 

The following result may be stated as well [2 • 

Theorem 37 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over 
IK and p > 1. Then for any x,y G H we have 


(2.229) 


0 < ||a;|| II 2 /II - \{x,y)\ < ||x|| ||y|j -Re(x,y) 

f^-\\x + y\M\ 


1 

< - X 
- 2 


2p 


\x - yf^ -\\\x\\ - 
Prooe. Firstly, observe that 

2 (||x|| lli/ll - Re (x, y)) = (||x|| + llyll)^ - jjx + yf . 
Denoting D := ||x|| ||y|| — Re (x,y), then we have 

(2.230) 2D+||x + yf = (||x|| + ||y||)^ 

Taking in 12.230|l the power p > 1 and using the elementary inequality 

(2.231) {a + hf >aP + bP]a,b>Q, 
we have 

(Ikll + I|y||)^" = (2D + jjx + yfY > + jjx + y|r 


|2p 


giving 


DP < 


1 

2P 1 


(l|:<^ll + lly||)^"-||a: + yf" 


which is clearly equivalent to the first branch of the third inequality in 
With the above notation, we also have 

(2.232) 2D+(||x||-||y||)^ = ||x-yf. 

Taking the power p > 1 in (12.23211 and using the inequality (12.23111 we deduce 


\\x-yfP>2PDP + 
from where we get the last part of 12.22911 . | 


2p 
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2.8.3. More Schwarz Related Inequalities. Before we point out other in¬ 
equalities related to the Schwarz inequality, we need the following identity that is 
interesting in itself |7]- 

Lemma 4 (Dragomir, 2004). Let {H; (•,•)) be an inner product space over the 
real or complex number field K, e S iL, ||e|| = 1, a G H and 7 ,r G K. Then we 
have the identity: 


(2.233) \\x\\^-\{x,e)\^ 


= (ReL — Re {x, e)) (Re {x, e) — Re 7 ) 
-I- (Im r — Im (a;, e) ) (Im {x,e) — Im 7 ) 


7 -I- r 

X --—e 


-i|r-7r 


Proof. We start with the following known equality (see for instance m eq. 

( 2 . 6 )]) 


(2.234) 


IxlP - |(a;,e)P 


= Re 


(r — (a;, e)) ^(x, e) — 7 ^ — Re (Pe — ai, ai — je) 


holding for a: e 7L, e G H, ||e|| = 1 and 7 , P G K.. 
We also know that (see for instance M) 


(2.235) 

Since 

(2.236) Re 


— Re (Pe — a;, a; — je) = 


7 + P 

X --—e 


-J|r-7r. 


(P- {x,e)) (^{x,e} - 7 ) 

= (ReP — Re {x, e)) (Re (a:, e) — Re 7 ) 

-I- (ImP — Im (a;, e)) (Im (a;, e) — Im 7 ) , 
hence, by 12.23411 - 112.23611 . we deduce the desired identity (12.23311 . | 


The following general result providing a reverse of the Schwarz inequality may 
be stated 


Proposition 32. Let {H; {■,■)) be an inner produet space over K, e G iP, 
||e|| = 1 , X G H and 7,P G K. Then we have the inequality: 


(2.237) 


(0<)||xf 




7 -I- P 



The constant ^ is best possible in The case of equality holds in if 

and only if 


(2.238) 


Re {x, e) = Re 


2 J’ 


Im {x, e) = Im 



Proof. Utilising the elementary inequality for real numbers 

a(d < i(a-f/3)^. 


a,/3 G K; 
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with equality iff a = /3, we have 

(2.239) (ReF — Re (x, e)) (Re (x, e) — Rey) < ^ (ReF — Re 7 )^ 

and 


(2.240) 


1 9 

(ImF — Im (x, e)) (Im (x, e) — Iin 7 ) < - (ImF — 11417 ) 


with equality if and only if 

, , Re F + Re 7 

Re (x, e) =--- 


and Im (x, e) = 


Im F + Im 7 


Finally, on making use of 12.23911 . 12.24011 and the identity 12. 23311 . we deduce the 
desired result p. 23711 . | 


The following result may be stated as well [7| . 

Proposition 33. Let (iF; (•,•)) be an inner product space over K, e G iF, 
||e|| = 1, X G FF and 7,F G K. If x € H is such that 

(2.241) Rey < Re (x, e) < ReF and Imy < Im (x, e) < ImF, 

then we have the inequality 


(2.242) ||xf-|(x,e)|^> 

The constant j is best possible in The 

and only if 


7 + 1 

X--—e 


case of equality holds in if 


Re (x, e) = ReF or Re (x, e) = Re 7 


and 


Im(x, e)=ImF or Im (x, e) = Im 7 . 
Proof. From the hypothesis we obviously have 

(ReF — Re (x, e)) (Re (x, e) — Rey) > 0 


and 


(ImF — Im (x, e)) (Im (x, e) — Imy) > 0. 

Utilising the identity 12.23311 we deduce the desired result 12.24211 . The case of 
equality is obvious. | 


Further on, we can state the following reverse of the quadratic Schwarz inequal¬ 
ity [ 7 ]: 

Proposition 34. Let (FF; (•,•)) be an inner product space over K, e G FF, 
||e|| = 1. F/7,F G K and x G FF are such that either 

(2.243) Re (Fe — X, X — ye) > 0 


or, equivalently, 
(2.244) 



4ir-7l, 






























then 

(2.245) 
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( 0 <)||xf-|(x,e)|^ 

< (ReF — Re {x, e)) (Re {x, e) — Re 7 ) 

+ (ImF — Im (a;, e)) (Im (a;, e) — Im 7 ) 

<i|r-7r 

The case of equality holds in mm if it holds either in mm or mm - 
The proof is obvious by Lemma 0 and we omit the details. 

Remark 36. We remark that the inequality \2.24-S<^ may also be used to get, 
for instance, the following result 

(2.246) 


llxlP - \{x,e)\^ 


< 


(ReF — Re {x, e))^ + (ImF — Im {x, e))‘ 

X (Re {x, e) — Re 7 )^ + (Im {x, e) — Im 7 )' 

that provides a different bound than 7 |F — 7 ]^ for the quantity ||a;||^ — |(a;, e)|^ . 
The following result may be stated as well [ 7 ] . 

Theorem 38 (Dragomir, 2004). Let {H; (•,•)) be an inner product space over 
K and a, 7 > 0, /3 G K with |/3| > 0 : 7 . If x,a G H are such that a ^ 0 and 


(2.247) 


P 

X - a 

a 


< 


■ a7 


■) 


then we have the following reverses of Schwarz’s inequality 


(2.248) 

and 

(2.249) 


lla:|| Hall < 


Re /3 • Re {x, a) + Im /3 • Im {x, 


yfon 


< 


^1 l(a^:a)l 

^/ort 


( 0 <)||xf ||af-|(x,a)|^< 


• a7 


a7 


I (a;, a) I' 


Proof. Taking the square in 12. 24711 . it becomes equivalent to 


||a;f-Re [P{x,a)] 




which is clearly equivalent to 

(2.250) a ||x||^ + 7 ||a||^ < 2 Re \J3 {x, a)] 

= 2 [Re P ■ Re {x, a) + Im jS ■ Im {x, a)] . 


On the other hand, since 

(2.251) 2 yS 7 ||a;|| ||a|| <a||a;f+ 7 ||af , 

hence by 12.250|l and we deduce the first inequality in 12.24811 . 

The other inequalities are obvious. | 
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Remark 37. The above inequality contains in particular the reverse 

irnm of the Schwarz inequality. Indeed, if we assume that a = 1, (3 = 
i5, A G K, with 7 = Re (A 7 ) > 0, then the condition |/3|^ > a'y is equivalent to 
|(5 + A|^ > 4Re (A 7 ) which is actually | A — 5\^ > 0. With this assumption, 12.24T[ I 
becomes 


6 +A 

X --— • a 




which implies the reverse of the Schwarz inequality 

Re [(A + 5) {x,a)\ 


kr a < 


2WRe (A(5) 


^ l^ + ^l 1 / \i 
< . I(a;,a)|, 


2Y/Re(A(5) 

which is mm\} . 

The following particular case of Theorem |2H1 may be stated [7|: 

Corollary 20. Let (i7; (•,•)) be an inner product space over K, ip G [0, 27r), 
0 G (Oj f) • If x,a G H are such that a ^ 0 and 

(2.252) ||x — (cosi^ + zsini^) a|| < cos9 ||a|| , 

then we have the reverses of the Schwarz inequality 

(2 253) 11'"" """ ^ cos Re (t, a) + sin(^Im (x, a) 

In particular, if 
then 


hr a < 


sin 6 

\x — a|| < cos6> ||a 

1 


hr a < 


cost 


Re {x, a ); 


and if 
then 


\x — ia\\ < cos9 ||a|| , 


|a:|| l|a|| < ^^Im(a;,a). 


2.8.4. Reverses of the Generalised Triangle Inequality. In m, the 

author obtained the following reverse result for the generalised triangle inequality 


(2.254) 






provided Xi G H, i G n} are vectors in a real or complex inner product 

(H-A;-))-- 

Theorem 39 (Dragomir, 2004). Let e,Xi G H, i G {1,... ,n} with ||e|| = 1. If 
h>0,lG {1,..., n} are such that 


(2.255) 


(0 <) llxill — Re (e, Xi) < fci for each 


i G {l,...,n}, 
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then we have the inequality 

n n n 

(2.256) (0 <) 

i—1 i—1 i—1 

The equality holds in \2.2,'ibil if and only if 

n n 

(2.257) 
and 

(2.258) = I ^ ||xi|| - I e. 

i=l Vi=l i=l / 

By utilising some of the results obtained in Section 12 .8.21 we point out several 
reverses of the generalised triangle inequality 112.25411 that are corollaries of the 
above Theorem • 

Corollary 21. Let e, Xi G H\ {0} , i G {1, ..., n} with ||e|| = 1. If 


(2.259) 
then 

(2.260) 


(o<)Eii^^i 

n 


< Ti for each i G { 1 ,..., n} . 




- 2 ^ 


max Ti ) 


l<i<n 






E Ikil 


max ||xj|| 


l<i< 


2=1 


p > 1 , i + i = 1 ; 

^ p ' q ’ 


Proof. The first part follows from Proposition [53 on choosing x = Xi, y = e 
and applying Theorem (23 The last part is obvious by Holder’s inequality. | 

Remark 38. One would obtain the same reverse inequality \2.26(Al if one were 
to use Theorem \26\ In this case, the assumption i2.25fA) should be replaced by 

(2.261) II ||xi|| Xi — e|| < Ti ||xi|| for each iG n}. 

On utilising the inequalities (12.19811 and (12.20911 one may state the following 
corollary of Theorem 1551 [7]. 

Corollary 22. Let e, Xi G i7\{0}, i G {l,...,n} with ||e|| = 1. Then we 
have the inequality 


(2.262) 






< min {A, B} , 
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where 


and 


A := 2^ lixill 


2=1 




\Xi - e\\ 
\Xi\\ + 1 




For vectors located outside the closed unit ball B (0,1) := {z ^ H 
we may state the following result |7|- 

Corollary 23. Assume that Xi ^ i? (0,1), z G {1,..., n} and e G H, ||e|| = 1. 
Then we have the inequality: 


(2.263) 


(o<)E 11 ^* 11 - 
2 = 1 

1 


2 = 1 


E \\xi 

^ 2=1 


l|P-l 


\Xi - e 


< 


E Ik. 

^ 2=1 


I'-kk.-ef 


*/ P > 1 


if p<l. 


The proof follows by Proposition E7I and Theorem |211 

For complex spaces one may state the following result as well 

Corollary 24. Let {H; {■,■)) be a complex inner product space and ai G C 
with Rea^, Imoi >0, i G {1, ...,n} . If Xi,e G H, i G {1, ... ,n} with ||e|| = 1 and 


(2.264) 
then 

(2.265) 


Im ai 
Reoi 


< di, z G {1,..., n} . 






^ i2 

- 2 Imoi ■ 

2 = 1 


The proof follows by Theorems 1301 and 1391 and the details are omitted. 

Finally, by the use of Theorem we can state |7]: 

Corollary 25. If Xi,e G H, i G {1,..., zz} with ||e|| = 1 and p > 1, then we 
have the inequalities: 


(2.266) 


(0<)EI 




E {\\x,\\+lY^-\\x, + e 
2=1 ■- 


\2p 




E 

2=1 


\xi - ell^^ - |||a;,;|| - 11^^ 
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CHAPTER 3 


Reverses for the Triangle Inequality 


3.1. Introduction 

The following reverse of the generalised triangle inequality 


cos 


l^fel < 


/c=l 


k=i 


provided the complex numbers Zk, k G {1 ,..., n} satisfy the assumption 
a — 9 < arg {zk) < a + 0, for any k G {1,..., n} , 

where a S K and 9 G (O, was first discovered by M. Petrovich in 1917, El 
(see [Tol p. 492]) and subsequently was rediscovered by other authors, including 
J. Karamata Up. 300 - 301], H.S. Wilf and in an equivalent form by M. 
Marden [^. 

In 1966, J.B. Diaz and F.T. Metcalf U proved the following reverse of the 
triangle inequality: 

Theorem 40 (Diaz-Metcalf, 1966). Let a be a unit vector in the inner product 
space {H; (•,•)) over the real or complex number field K. Suppose that the vectors 
Xi G H\ {0} , i G {1,..., n} satisfy 

Re {xi, a) 


(3.1) 
Then 

(3.2) 


0 < r < 


i G {l,...,n}. 


2=1 


a. 


2=1 

where equality holds if and only if 
(3.3) 

i=i \i=i / 

A generalisation of this result for orthonormal families is incorporated in the 
following result [J. 

Theorem 41 (Diaz-Metcalf, 1966). Let ai,...,a„ be orthonormal vectors in 
H. Suppose the vectors a;i,..., G i7\ {0} satisfy 

Re{xi,ak) 


(3.4) 
Then 

(3.5) 


0 < Cfc < 


iG{l,...,n}, fcG{l,...,TO}. 




\k^l 


2=1 


x^* 

2=1 
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where equality holds if and only if 


(3.6) 



^||a;i|| rfeOfc. 


n 



Similar results valid for semi-inner products may be found in and |9|. 

For other classical inequalities related to the triangle inequality, see Chapter 
XVII of the book |10| and the references therein. 

The aim of the present chapter is to provide various recent reverses for the 
generalised triangle inequality in both its simple form that are closely related to 
the Diaz-Metcalf results mentioned above, or in the equivalent quadratic form, i.e., 
upper bounds for 



and 



Applications for vector valued integral inequalities and for complex numbers 
are given as well. 

3.2. Some Inequalities of Diaz-Metcalf Type 

3.2.1. The Case of One Vector. The following result with a natural geo¬ 
metrical meaning holds [^: 

Theorem 42 (Dragomir, 2004). Let a be a unit vector in the inner product 
space {H\ (•, •)) and p S (0, 1). If Xi G H, i G {1,... ,n} are such that 

(3.7) \\xi — a\\<p for each i S {1,..., u} , 

then we have the inequality 


n 


n 


(3.8) 



with equality if and only if 


(3.9) 



Proof. From we have 


||a:i||^ - 2Re(a:i,a) -I- 1 < p' 


2 


giving 


(3.10) 


\\xi\\^ -I- 1 - < 2 Re {xi,a ), 


for each i G {1,..., n} . 


Dividing by — p^ > 0, we deduce 


(3.11) 
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for each * G {1 ,..., n} . 

On the other hand, by the elementary inequality 
P 


(3.12) 
we have 

(3.13) 


+ qa> 2^Jpq, p,q>0, a > 0 


2||a;i|| < 


Xi 


Vi - 

and thus, by (TTnli and Jmil . we deduce 


+ — I 


Re {xi , a) 

Ikdl 


> \/l - 


for each i G {l,...,n}. Applying Theorem BHI for r = \Jl — we deduce the 
desired inequality lEHl). I 

The following results may be stated as well |3|- 

Theorem 43 (Dragomir, 2004). Let a be a unit vector in the inner product 
space (H; (•, •)) and M > m > 0. If Xi G H, i G {1,... ,n} are such that either 

(3.14) Iie{Ma — Xi,Xi — ma) >0 

or, equivalently, 


(3.15) 


M + m 

Xi -r- • a 


< i (M — m) 


holds for each i G {1,..., n} , then we have the inequality 

2'/rnM 


(3.16) 

or, equivalently. 


m + M 


11^*11 - 


< 


(3.17) (0<)i:iW(- S., _ 

The equality holds in (or in ) if and only if 


T.'- 


M - 




(3.18) 


E^* = 


Z =1 


2V mM 
m + M 


E 11^*11 


Prooe. Firstly, we remark that if x,z,Z G H, then the following statements 
are equivalent: 

(i) Ke{Z — x,x — z) > 0; 

(ii) ||a:- ^|| < i ||^- z|| . 

Using this fact, one may simply realize that fmii and 13.1511 are equivalent. 
Now, from we get 

ll^ill^ + mM < (M + m) Re {xt, a ), 


for any i G {l,...,n}. Dividing this inequality by '/mM > 0, we deduce the 
following inequality that will be used in the sequel 


(3.19) 


/-TT M + m^ , , 

, + VmM < — , Re (xi, a) 

'/mM '/mM 
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for each i G {1 ,..., n} . 

Using the inequality from Theorem 1421 we also have 

(3.20) 2\\x,\\ < + 

for each i G {1 ,..., n} . 

Utilizing (ITT^ and I3.2()ll . we may conclude with the following inequality 


which is equivalent to 
(3.21) 


x,\ < 


M ■ 


\/mM 


Re {xi, a) 


2\/mM ^ Re(a;i,a) 
m + M ~ llccill 


for any i G {1 ,..., n} . 

Finally, on applying the Diaz-Metcalf result in Theorem 1401 for r = we 

deduce the desired conclusion. 

The equivalence between 113.1011 and (ITTTIl follows by simple calculation and 
we omit the details. | 


3.2.2. The Case of m Vectors. In a similar manner to the one used in the 
proof of Theorem 1421 and by the use of the Diaz-Metcalf inequality incorporated in 
Theorem ^ we can also prove the following result |3] : 


Proposition 35. Let oi,...,a„ be orthonormal vectors in H. Suppose the 
vectors Xi,... ,Xn G JL\ {0} satisfy 

(3.22) \\xi — ak\\ < Pk for each iG n}, fc G {1, ..., to} , 


where pj, G (0,1) , fc G {1, ..., to} . Then we have the following reverse of the triangle 
inequality 


(3.23) 


TO 








The equality holds in if and only if 


n 

2=1 


(3.24) 


n / ^ \ m 

X^* = (X 11^*11 ) Pk)^ ak- 


Finally, by the use of Theorem im and a similar technique to that employed in 
the proof of Theorem ESI we may state the following result |2j : 


Proposition 36. Let ai,...,a„ be orthonormal vectors in H. Suppose the 
vectors xi,... ,Xn G H\ {0} satisfy 

(3.25) Re{Mkak - Xi,Xi - p,.ak) >0, 


or, equivalently, 

(3.26) 


Mk + Mfc „ 


<^iMk- Pk) 


for any i G {1,... ,n} and k G {!,... ,to} , where Mk > > 0 for each k G 

{ 1 ,..., to }. 
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Then we have the inequality 
(3.27) 


2 

\fe=l \Tk + ^k) 

The equality holds in iff 


i=l 


2=1 


(3.28) 


/ ^ ^2—21 / ^ 11 ^211 I / ^ , n r 


2=1 


^2=1 


fc=l 


Tk + 


3.3. Additive Reverses for the Triangle Inequality 


3.3.1. The Case of One Vector. In this section we establish some additive 
reverses of the generalised triangle inequality in real or complex inner product 
spaces. 

The following result holds [^: 

Theorem 44 (Dragomir, 2004). Let {H; (•,•)) be an inner product space over 
the real or complex number field K and e, Xi G H, i G {1,... ,n} with ||e|| = 1. If 
h>0,lG{l,... , n} , are such that 

(3.29) \\xi\\—^e{e,Xi) <ki for each iG n}, 

then we have the inequality 


Xi - 


2 = 1 




2 = 1 


(3.30) (0<)El 

2=1 

The equality holds in if and only if 

n n 

(3.31) XI 11^*11 - 

2 = 1 2 = 1 

and 

(3.32) = ( X 11^*11 

2=1 \2 = 1 2 = 1 / 

Proof. If we sum in H3.29|l over i from 1 to n, then we get 

n / n \ n 

(3.33) X] E Re (s’X^O + X^- 

i=l \ i=l / i=l 

By Schwarz’s inequality for e and have 


(3.34) 


Re ( e, X ) E 


2 = 1 


Re ( e, X] 


i=l 


< 


2=1 


Xi 


< Hell 


E 

2=1 


Xi 


E 

2 = 1 


Xi 


Making use of iTOHll and we deduce the desired inequality iTT^ . 

If (13.3111 and hold, then 


E^ 

2=1 


E 11^*11 “ E^* 


2 = 1 


2 = 1 


= E 11^*11 “ E ^*> 


2 = 1 


2 = 1 
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and the equality in the second part of (TOnil holds true. 

Conversely, if the equality holds in then, obviously (TOTll is valid and 

we need only to prove iTOa . 

Now, if the equality holds in (Tonii then it must hold in for each i G 

{1,..., n} and also must hold in any of the inequalities in 13.h4ll . 

It is well known that in Schwarz’s inequality |(u,u)| < |jM|| ||u|| (u,v € H) the 
case of equality holds iff there exists a A S K such that u = Xv. We note that in 
the weaker inequality Re {u,v) < ||m|| ||u|| the case of equality holds iff A > 0 and 
u = Xv. 

Consequently, the equality holds in all inequalities (Toa simultaneously iff 
there exists a /i > 0 with 

n 

(3.35) /ie = Xi. 

i=l 

If we sum the equalities in over i from 1 to n, then we deduce 

n I n \ n 

(3.36) llxjll - Re ( e,y^Xi ) =y^ ki. 

i=l \ i=l / i=l 

Replacing 112^® II from 13.3511 into ISSU), we deduce 

n n 

X! 11^*11 

i=l 

from where we get /r = Yl^=i ll^^ill ~ h- Using 13.3511 . we deduce and 

the theorem is proved. | 


3.3.2. The Case of m Vectors. If we turn our attention to the case of 
orthogonal families, then we may state the following result as well 1^. 

Theorem 45 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over 
the real or complex number field M., {ek}i^^^i a family of orthonormal vectors 
in H, Xi G H, Mi^k > 0 for z € {I,..., n} and k G {!,..., m} such that 

(3.37) ll^ill - Re (efe,a;i) < Mife 


for each i G {1,. ■. ,n} , A: S {I, ...,m} . Then we have the inequality 


(3.38) 


2=1 



n 

2=1 


1 

m 


n m 




The equality holds true in if and only if 


(3.39) 


E 11^*11 - 

2=1 


1 

m 


n m 


EE 


and 


n 

Ex, 

2=1 



1 

m 


EE".* 


m 


E^fe- 


(3.40) 
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Proof. If we sum over i from 1 to n in then we obtain 

n / n \ n 

^llx.ll <Re(e,^x.) + ^ M,k, 


for each /c S {1,..., m} . Summing these inequalities over k from 1 to m, we deduce 


m n 


1 


(3.41) ^ ||a;,|| < - Re ( ^ e^, ^ x, ) + - ^ ^ 

i=l \fc=l i=l / i=l k=l 

By Schwarz’s inequality for Sfe ** ^e have 


m n 


(3.42) 


Re( ) < 




m n 


< 


< 


Re( 

\k^l 

f m n \ 

\fe=i i=i / 


y^efc 

fe=i 


2=1 


since, obviously, 





= -v/m 

m 


m 

2 

E®fc 

fc=i 

“\ 

E®^ 

fc=i 





El 


Cfcll = V"1. 


Making use of iTCTTl and ima . we deduce the desired inequality iToa . 
If and imnii hold, then 



n 

2=1 




2=1 

m 

m 

n 


2=1 k—1 


E 

fc=i 


^k 


^2 = 1 2 = 1 k—1 / 

^ n m 


E 11^*11 EE^^fc’ 


2=1 /C=l 


and the equality in J3.38|l holds true. 

Conversely, if the equality holds in iTOHll . then, obviously 1|3.39|1 is valid. 

Now if the equality holds in JiOHll . then it must hold in JOTIl for each i G 
{!,...,n} and k € {!,...,m} and also must hold in any of the inequalities in 

inn^ . 

It is well known that in Schwarz’s inequality Re (u,v} < ||u|| ||u|| , the equality 
occurs iff u = Au with A > 0, consequently, the equality holds in all inequalities 
simultaneously iff there exists a /j > 0 with 


m n 

/^E^fc = E^»- 

k—1 i—l 


(3.43) 
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If we sum the equality in (TOTIl over i from 1 to n and k from 1 to m, then we 
deduce 

n I m n \ n m 

(3.44) llxill - Re Mik- 

i—1 \k—l i—1 / 2—1 k—1 

Replacing from (13.4311 into (13.4411 . we deduce 

n m n m 

llefef = 

2—1 k—1 2—1 k—1 

giving 

n ^ n m 

M 

2—1 2—1 k — 1 

Using iTRHll . we deduce (nCTTll and the theorem is proved. | 


3.4. Further Additive Reverses 

3.4.1. The Case of Small Balls. In this section we point out different addi¬ 
tive reverses of the generalised triangle inequality under simpler conditions for the 
vectors involved. 

The following result holds [^: 

Theorem 46 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over 
the real or complex number field K and e,Xi G H, i G n} with ||e|| = 1. If 

p G (0,1) and Xi, i G {1,... ,n} are such that 

(3.45) \\xi — e\\<p for each n}, 

then we have the inequality 


(3.46) 


(o<)E 




< 


\/l-p^ (l -f 


(l -f 

The equality holds in if and only if 


Re{j2 




Xi,e 


(3.47) 
and 

n 

(3.48) 


E 11^*11^ 


(i + 


Re ( y^^Xi,t 


2 = 1 


= E 


yr^(i + 0^) 


Re(E 


Xi,e ) e. 
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Proof. We know, from the proof of Theorem m that, if 13.4511 is fulfilled, 
then we have the inequality 

1 


a;,. < 


- / 


for each i G {1,..., n} , implying 
(3.49) ||xi||-Re(a;i,e) < 




: Re (xi, e) 


- 1 Re(xi,e) 


v/r^(i + yr^) 


Re (xi,e) 


for each i G {1,... ,n} . 

Now, making use of Theorem 221 for 

ki :=- 7 -^Re(a;i,e), iG nj, 


v/r^(i + ^T^) 


we easily deduce the conclusion of the theorem. 

We omit the details. | 

We may state the following result as well |3]: 

Theorem 47 (Dragomir, 2004). Let (i7; (•,•)) be an inner product space and 
eGH,M>m>0. If XiGH,iG {1,..., n} are such that either 


(3.50) 

or, equivalently, 

(3.51) 


Re (Me — Xi, Xi — me) > 0, 


M + m 
x. ---e 




holds for each i G {1,..., n} , then we have the inequality 


(3.52) (0<)^||a:,||- 




< 


M — Jm 


2V mM 


M — Jrri 


< 


V 

The equality holds in if and only if 


(3.53) 
and 

(3.54) 


E 11^*11 - 


M- 


i=l 


2\/mM 


2VmM 


■^{11 


n 

E^ 


Xi,e 




E^* = 


El 


\Xi\\ - 


M — Jm 


2\/ mM 


■ Re ( 


e e. 
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Proof. We know, from the proof of Theorem 14,SI that if H.S.SOII is fulfilled, then 
we have the inequality 


for each i € This is equivalent to 





for each i G {1,..., n} . 

Now, making use of Theorem^] we deduce the conclusion of the theorem. We 
omit the details. | 

Remark 39. If one uses Theorem |^5| instead of Theorem \44\ above, then one 
can state the corresponding generalisation for families of orthonormal vectors of the 
inequalities and respectively. We do not provide them here. 

3.4.2. The Case of Arbitrary Balls. Now, on utilising a slightly different 
approach, we may point out the following result [^: 

Theorem 48 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over 
IK and e, Xi G H, i G {1,... ^n} with ||e|| = 1. //r^ > 0, i S {1,..., n} are such that 

(3.55) — e|| < for each jG {!,...,n}, 

then we have the inequality 


(3.56) 



The equality holds in if and only if 


(3.57) 



and 


(3.58) 



Prooe. The condition (13.5511 is clearly equivalent to 


(3.59) 


\\xi\\'^ + 1 < Re(xi,e) + 


for each i G {1,..., n} . 

Using the elementary inequality 


(3.60) 


2 lixill < + 1, 


for each i G {1,..., n} , then, by (13.5911 and (I3.60II . we deduce 


2\\xt\\ < 2Re{xi,e) +rf, 


giving 


(3.61) 

for each i G {1,..., n} . 
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Now, utilising Theorem 1441 for ki = i G {1,..., n} , we deduce the desired 
result. We omit the details. | 

Finally, we may state and prove the following result as well |^. 

Theorem 49 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over 
IK and e, Xi G i G {1, ..., n} with ||e|| = 1. If Mi > > 0, i G {1, ..., n} , are 

such that 


(3.62) 


Xi ---e 


< i {Mi - rui) , 


or, equivalently, 

(3.63) Re {MiC — x,x — iriie) > 0 

for each i G {1, ..., n} , then we have the inequality 




(3.64) (0<)E 

The equality holds in jd. 64]) if and only if 

(3.65) 

and 

(3.66) 


^ 1 [Mi — rrii) 
- 


4 Mi+rui 
1 — 1 




2=1 


4 ^ Mi-\-mi 
2=1 


I II II ^ ~ 


i=l 


\i=l 


Mi+rui 

2=1 


e. 


Prooe. The condition 113. 6 211 is equivalent to: 


M,, 


and since 


then we get 


2 

Mi + m, 


< 2Re/aii, e\ + ^ {M, - rnff 


xiW < b^ r + 




Mi + rUi 


or, equivalently. 


\\x^\\ < 2 • ^ Re {xi, e) + ^ (Mi - rnff , 


II II D / \ ^ ^ {Mi-mif 

lixill - Re(a:i,e) < - 


4 Mi+rUi 

for each i G {1,..., n} . 

Now, making use of Theorem for ki := j ■ i we 

deduce the desired result. I 


Remark 40. If one uses Theorem \4-t^ instead of Theorem M above, then one 
can state the corresponding generalisation for families of orthonormal vectors of the 
inequalities in and iS.64)) respectively. We omit the details. 
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3.5. Reverses of Schwarz Inequality 


In this section we outline a procedure showing how some of the above results for 
triangle inequality may be employed to obtain reverses for the celebrated Schwarz 
inequality. 

For a G H, ||a|| = 1 and r G (0,1) define the closed ball 
D {a, r) ■.= {x G H, ||a: — a|| < r} . 

The following reverse of the Schwarz inequality holds |3] : 


Proposition 37. Ifx,y G D{a,r) with a G H, ||a|| = 1 and r G (0,1), then 
we have the inequality 


||a:|| ||y|| -Re(a;,y) ^ 1^2 

(lkll + lly||f ■ 2'' ■ 


The constant ^ in \3.61[ is best possible in the sense that it cannot be replaced by 
a smaller quantity. 


Proof. Using Theorem 1^ for xi = x,X 2 = y, p = r, we have 

(3.68) Vl -r2 (||a;|| + ||y||) < ||x + ?/|| . 

Taking the square in we deduce 

(1 -r^) (||xf + 2||a;|| \\y\\ + ||?/f) < \\xf + 2Re{x,y) + \\yf 

which is clearly equivalent to (TTHTIl . 

Now, assume that holds with a constant C > 0 instead of ^,i.e., 

(3.69) < CP 

(11*11 + llsll) “ 

provided x,y G D (a,r) with a G H, ||a|| = 1 and r G (0,1). 

Let e G H with ||e|| = 1 and e T a. Define x = a + re, y = a — re. Then 

||a;|| = Vl + r2 = ||y|| , Re (x, y) = 1 - 

and thus, from we have 

1 _|_ J.2 _ _ J.2 

{2^1 + 7^ f 

giving 

1<(1 + P)C 

for any r G (0,1). If in this inequality we let r —> 0+, then we get C > ^ and the 
proposition is proved. | 


< Cr^ 


In a similar way, by the use of Theorem @21 we may prove the following reverse 
of the Schwarz inequality as well [ 2 ]: 

Proposition 38. If a G H, ||a|| = 1, M > m > 0 and x,y G H are so that 
either 

Re {Ma — x,x — ma) , Re {Ma — y,y — ma) > 0 
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or, equivalently, 


m + M 
X --- a 


m + M 




hold, then 


/Q ||a;|| ||i/|| - Re{x,y) ^ 1 / M - m 

~ (11^11 +II2/I!)' -2{M + m 


2 


The constant i cannot be replaced by a smaller quantity. 

Remark 41. On utilising Theorem, \d5\ and Theorem, \df)\ we may deduce some 
similar reverses of Schwarz inequality provided x,y G [ok, Pk) > assumed not 

to be empty, where are orthonormal vectors in H and p/. € (0,1) for 

k G {1, . We omit the details. 

Remark 42. For various different reverses of Schwarz inequality in inner prod¬ 
uct spaces, see the recent survey |5]. 


3.6. Quadratic Reverses of the Triangle Inequality 
3.6.1. The General Case. The following lemma holds |3]: 

Lemma 5 (Dragomir, 2004). Let {H; (•,•)) be an inner product space over the 
real or complex number field K, G H,i G {1,..., n} and kij > 0 for 1 < i < j < n 
such that 


(3.70) 


0 < llaiill ||xj|| -Re(a;i,a;j) < % 


for I < i < j < n. Then we have the following quadratic reverse of the triangle 
inequality 


(3.71) 



2 

+ 2 ^ kij. 

l< 2 <j<n 


The case of equality holds in if and only if it holds in for each i,j 

with 1 < i < j < n. 
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Proof. We observe that the following identity holds: 


(3.72) 


El 


E^ 


n n 


= E 11^*11 “ (E^i’E- 


i,j=i 


0=1 i=l 


= E 11^*11 “ E R-e(xi,a;j) 

Lj=l ij = l 

n 

= E [11^*11 - Re (2^0 a;^)] 

i j'=l 

= E [l|2^*ll lla^ill-Re(xi,Xj)] 

l<i<j<n 

+ E [l|2^»ll lla^tll-Re(xi,Xj)] 

= 2 X! [Ila^ill lla^tll-Re(xi,xj)]. 

l<2<j<n 

Using the condition (HTTnii . we deduce that 

E [lla^ill lla^ill-Re(xi,Xj)] < ^ 

and by (EZl, we get the desired inequality (TTfril . 

The case of equality is obvious by the identity and we omit the details. | 

Remark 43. From one may deduce the coarser inequality that might he 

useful in some applications: 


o<Y.\ 


a:,; - 


E 

2=1 


Xi 


— 1 E/ 

, l<2<j<n 




< -Spi \fPii j • 

l<2<j<n 




Remark 44. If the condition \S.70{j is replaced with the following refinement 
of Schwarz’s inequality: 

(3.73) (0 <) 5ij < ||xi|| ||xj|| - Re (xi,Xj) for 1 < i < j < n, 

then the following refinement of the quadratic generalised triangle inequality is valid: 


(3.74) E 11^*11 ^ 


^2=1 


E 

2=1 


Xi 


2 E 

l<2<j<n 


> 


E 

i=l 




The equality holds in the first part of iff the case of equality holds in 

for each 1 < i < j < n. 

The following result holds |1|. 
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Proposition 39. Let [H\ {■,■)) he as above, Xi G H, i £ {1,... ,n} and r > 0 
such that 


(3.75) 

for 1 < i < j < n. Then 


\\xi - XjW < r 


(3.76) 


El 


< 


E 


Xi 


n(n- 1) ^2 


The case of equality holds in wm if and only if 

(3.77) lixill llajjll -Re{xi,Xj) = 

for each i,j with 1 < i < j < n. 

Proof. The inequality 13.7511 is obviously equivalent to 
lla^ill^ + ll^ill^ < 2Re {xi,Xj) + 


for 1 < i < j < n. Since 

2 ||a;J ||a;j|| < ||a;*f + \\xjf , I < i < j < n; 

hence 

(3.78) llxill IIxjII -Re{xi,Xj) < ^r^ 

for any i,j with 1 < i < j < n. 

Applying LemmaElfor ky := and taking into account that 

V L. . - 

l<2<j'<n 

we deduce the desired inequality EZg. The case of equality is also obvious by the 
above lemma and we omit the details. | 


3.6.2. Inequalities in Terms of the For-ward Difference. In the same 
spirit, and if some information about the forward difference Axk '■= Xk+i — Xk 
(1 < k < n — 1) are available, then the following simple quadratic reverse of the 
generalised triangle inequality may be stated j4]- 


Corollary 26. Let (iJ; (•,•)) be an inner product space and Xi G H, i G 
{1,..., n} . Then we have the inequality 


(3.79) 


El 

^i=i 


< 


E^ 

2=1 


/ 1 \ 


k=l 


The constant i is best possible in the sense that it cannot be replaced in general by 
a smaller quantity. 


Proof. Let 1 < i < j < n. Then, obviously, 


\\X:j-xA\ = 


1-1 

'^Axk 

k—i 


.7-1 


< \\Axk\\ < Y ■ 


k—i 




Applying Proposition|2nifor r := X]fc=i ll^®fe|l j deduce the desired result 13.7911 . 
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To prove the sharpness of the constant assume that the inequality (HTTnii 
holds with a constant c > 0, i.e., 


2 


(3.80) 






n —1 


; (n - 1) E 


k=l 


for 71 > 2, a;i G i/, I e {1,..., n} . 

If we choose in (EHOl), 71 = 2, Si = —^e, X 2 = \e, e G H, ||e|| = 1, then we get 
1 < 2c, giving c > i. | 

The following result providing a reverse of the quadratic generalised triangle 
inequality in terms of the sup-norm of the forward differences also holds |1| . 

Proposition 40. Let (i7; (•,•)) be an inner product space and Xi G H, i G 
{1,... , 71} . Then we have the inequality 


(3.81) E 11^*11 ^ 




E 

2=1 


Xi 


(n^ - 1) 


12 l<fc<ra-l 


max ||Aa;/c|| . 


The constant is best possible in id.dli) . 

Proof. As above, we have that 

i-i 


\xj - x^\\ <y^ \\Axk\\ < {j - i) max ||Aa;fe| 


k—i 


for 1 < 1 < j < 71. 

Squaring the above inequality, we get 


Xj\\^+ \\xi\\^ <2Re{xi,Xj) + {j - if max ||Aaifc||^ 

l<fc<n—1 


^^11 I I I ^ 2 I I ^ ^ -1- ^ 2 5 ^ J 

for any i,j with 1 < i < j < 71, and since 




hence 


(3.82) 0<\\xi\\\\xj\\-Re{x^,Xj) < -{j-if max ||Aa;fef 

Z l<k<n—l 

for any i,j with 1 < i < j < n. 

Applying Lemma[Slfor fcy := i (j — if max ||Aa;/c||^ , we can state that 


El 

\i = l 


< 


'^3 2 

2 

Xi 


l<k<n-l 


E 

2=1 


+ E U -'i'f max IIAxfcll" 

1<2<J'<^ 


However, 




1<2<J<^ 


giving the desired inequality. 


Li=i 


fc=i 


\k=l 


(n^ — 1 ) 

“1^ 
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To prove the sharpness of the constant, assume that holds with a constant 

D > 0, i.e., 

n \ ^ 

- 

i=l / 

for n >2, Xi & H, i ^ {1,... ,n} . 

If in i;i.8:ill we choose n = 2, xi = —^e, X 2 = ^e, e G H, ||e|| = 1, then we get 
1 < 12D giving £> > ^. | 



2=1 


+ Dn^ (n^ — l) max ||Axfe||" 


The following result may be stated as well |4| . 


Proposition 41. Let {H\ {■,■)) be an inner product space and Xi G H, i G 
{1,..., n} . Then we have the inequality: 


(3.84) 



E^* 

2=1 


E 0'“*)’ 

l<2<j'<n 




2 

P 


where p > 1, i + i = 1. 

The constant E = 1 in front of the double sum cannot generally be replaced by 
a smaller constant. 


Proof. Using Holder’s inequality, we have 


1-1 ^ /i-i \ 

■j - a;,|| < ^ IIAifell < [j -i}^ ( ^ W^Xkf j 

k—i \k—i / 

/n—1 \ P 

< E ) ’ 


\k^l 


1 

p 


for 1 < i < j < n. 

Squaring the previous inequality, we get 


\\xjf + \\xi\f < 2Re{xi,Xj) + {j 




2 

P 


for 1 < i < j < n. 

Utilising the same argument from the proof of Proposition @n| we deduce the 
desired inequality lEUI). 

Now assume that holds with a constant E > 0^ i.e., 



2 

+E 0 '-*)’ 

l<2<j<n 


'n -1 


2 

P 


for n >2 and Xi G H, i G {1,... ,n} , p > 1, p + g = 1- 

For n = 2, xi = — ^e, X 2 = ^e, ||e|| = 1, we get 1 < E, showing the fact that 
the inequality is sharp. | 


The particular case p = g = 2 is of interest |1| . 
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Corollary 27. Let {H; {■,■)) be an inner product space and Xi G H, i G 
{1, ..., n} . Then we have the inequality: 


(3.85) 


El 


< 


E 


Xi 


+ 


(n^ — l): 
6 






The constant ^ is best possible in 

Proof. For p = q = 2, Propositionpi'ovides the inequality 


E 11^*1 


< 




E 

2=1 


Xi 


n—1 


l<2<j<n 




and since 


E (■?' - 

l<2<j<n 

= 1H-(1 + 2)H-(1H-2H-3)H----H-(1H-2H----H-?7. — 1) 

hence the inequality is proved. The best constant may be shown in the same 

way as above but we omit the details. | 

3.6.3. A Different Quadratic Inequality. Finally, we may state and prove 
the following different result [4]. 

Theorem 50 (Dragomir, 2004). Let {H\ {■,■)) be an inner product space, yi G 
H, i G {1,..., n} and M > m > 0 are such that either 

(3.86) Re {Myj - yi, yi - myj) >0 for 1 < i < j < n, 

or, equivalently. 


(3.87) 


M ■ 


Vi 


-Vj 


< i (M - m) IIj/jII /orl<z<j<n. 


Then we have the inequality 


(3.88) 


Elly* 


< 


Ey* 

2=1 


1 (M — m) 


2 n —1 


2 M + m 


E^iiy'^+i 


A;=l 


The case of equality holds in if and only if 

(3.89) lly.ll ||%|| - Re(!/„%) = i 

for each i,j with 1 < i < j < n. 

Proof. Taking the square in we get 


ii%ir 


\\y^ 


2 {M-mY 


M + m 


ur 


< 2Re ( y^, ^ yf) + ^{M - mf \\yj\? 
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for 1 < i < j < n, and since, obviously, 
' M + m 


y^W ||%||<||y.f+ , 


hence 


M + m 


I|y.||ll2/ill 


< 2 Re ( 1 /, 


M + m 


+ ^iM -mfWyjW^ 


giving the much simpler inequality 


(3.90) ||y,|| ||y,|| - Re (y„ y,) < 1 WVjf ^ 


4 M + m 


for 1 < i < j < n. 


Applying Lemma 0 for fcj,- := 4 ■ 


’ 4 M+m 


||j/j|| , we deduce 


(3.91) 


^i=i 


< 


E 

2=1 


Vi 


1 (M — m) 

2 M -\- m 


E 


l< 2 <j<n 


with equality if and only if (ITinUi holds for each i,j with 1 < z < j < n. 
Since 


E iiyfii^= E iiyjii^+ E 

l<i<j<n 2<j'<n 


- E iiyji 

n—l<j'<n 


= Eiiyjii^ + Eii^jii^ + ”'+ E WvoW^ + Wvn 

j=2 j=3 

n n—1 

= '^(J - i)llyjf = 

j=2 fc=l 

hence the inequality (13.8811 is obtained. | 


3.7. Further Quadratic Refinements 

3.7.1. The General Case. The following lemma is of interest in itself as well 

m 

Lemma 6 (Dragomir, 2004). Let {H; (•,•)) be an inner product space over the 
real or complex number field K, Xi G 77, z S {1,..., n} and k > 1 with the property 
that: 


(3.92) 


||xi|| ||xj|| < A:Re {xi,Xj ), 


for each i,j with 1 < i < j < n. Then 
/ „ \ 2 


(3.93) 


Eii^*ii + (^-i)E 11**11^ - ^ 


^2=1 


2=1 


E^ 

2=1 


2 


The equality holds in if and only if it holds in niM) for each i,j with 

1 < i < j < n. 
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Proof. Firstly, let us observe that the following identity holds true: 


(3.94) 


\z-l 

n 

= E 

*j'=i 


- k 


Y.'- 


n n 


Si S,- 


-A:(Ea^*>E- 

\i=i i=i 


= E [ 11^*11 -kRe{xi,Xj)] 


Li=i 


= 2 E 


N W'^J I 


- fcRe {xi,Xj)] + (1 - fc) ^ llccill^ , 


l<2<j'<n 


since, obviously. Re {xi,Xj) = Re {xj,Xi) for any i,j G {1,..., n} . 

Using the assumption EHI), we obtain 

E [l|si|| IIsjII - fcRe(a;„a;j)] < 0 

l<2<j<n 

and thus, from 13.9411 . we deduce the desired inequality l|3.93|l . 

The case of equality is obvious by the identity and we omit the details. | 

Remark 45. The inequality provides the following reverse of the qua¬ 

dratic generalised triangle inequality: 


(3.95) 0 < (y] lixiii I -y^iisif<fc 




2=1 


E 

2=1 


Xi 


-El 

i=l 




Remark 46. Since k = 1 and X^ILi 11**11^ — hence by il,V.,V,VI) one may deduce 
the following reverse of the triangle inequality 


(3.96) 


y] iisiii < Vk 


E^ 


provided Tfnm holds true for 1 < * < J < u. 

The following corollary providing a better bound for 11^*11 ) holds |1]. 

Corollary 28. With the assumptions in Lemma\^ one has the inequality: 


(3.97) 


E 11^*11^ 


i=l 


nk 


n-\- k — 1 


E^* 

2=1 


Proof. Using the Cauchy-Bunyakovsky-Schwarz inequality 

n / n \ ^ 

«y^iis*f > (y^iisiii I 


i=l 


we get 
(3.98) 


(t -1) t INU (e InE (^ +1) 
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Consequently, by and we deduce 


2=1 


fei 


giving the desired inequality Enzi). I 

3.7.2. Asymmetric Assumptions. The following result may be stated as 
well 13]. 

Theorem 51 (Dragomir, 2004). Let {H; {■,■)) be an inner product space and 
Xi G H\ {0} , i G {1, ..., n} , p G (0,1) , such that 


(3.99) 


Xi - 


Xj 


\\xj 

II 


< p for 1 < i < j < n. 


Then we have the inequality 


/ n \ n 

(3.100) 


.2 = 1 


2=1 


The case of equality holds in mm) iff 


(3.101) 


1 


Xi\\ \\Xj\\ = 




: Re {xi, Xj) 


for any 1 < i < j < n. 

Proof. The condition (13.9211 is obviously equivalent to 
llxill^ + 1 - < 2Re/a;i, 


for each 1 < J < j < n. 

Dividing by \/l — p^ > 0, we deduce 

(3.102) 


+ \/l-p^< ^f—= Re(xi, 


V^- Vi -p' 

for 1 < i < j < n. 

On the other hand, by the elementary inequality 

(3.103) — + qa> 2y/pq, p,q>0, a > 0 
a 

we have 

(3.104) 2||x,||<J^ 

vi-p 

Making use of 13.10211 and 13.104II . we deduce that 

1 


Xi 






+ \/l - 
Tat 

Re {xi, Xj) 


for 1 < i < j < n. 


< 


2=1 


Now, applying Lemma 0 for k = . ^ , we deduce the desired result. 
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Remark 47. If we assume that ||a;i|| = 1, i G {1, ..., n} , satisfying the simpler 
condition 


(3.105) ||a;j — a;i|| < p for I < i < j < n, 

then, from mm . we deduce the following lower bound for ||X]r=i *»ll ’ namely 


(3.106) 


, + n{n-l) \/l - 


< 


E 

i=l 


Xi 


The eguality holds in — = Re {xi, Xj) for 1 < i < j < n. 

Remark 48. Under the hypothesis of Proposition EH we have the coarser but 
simpler reverse of the triangle inequality 


(3.107) 


\/l-P^E 11^*11 - 


E^ 


Also, applying Corollary for k = ^ , we can state that 


(3.108) 


E 11^*11 - 


IV^l - + 1 _ 


E^ 


provided Xi G H satisfy ItTM) for 1 < i < j < n. 


In the same manner, we can state and prove the following reverse of the qua¬ 
dratic generalised triangle inequality |1|. 

Theorem 52 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over 
the real or complex number field K, Xi G H, i G {1,... ,n} and M > m > 0 such 
that either 


(3.109) Re {Mxj — Xi, Xi — mxf) > 0 for 1 < i < j < n, 

or, equivalently, 


(3.110) 
hold. Then 


M + m 

Xi --- X, 


< - (M - to) I 


for I < i < j < n 


(3.111) 


2\/rnM 
M + m 




M + m 


E 


< 


n 

E^* 

2=1 


2 


The case of equality holds in fd.lll}) if and only if 

(3.112) \\x,\\\\xj\\ = ^-^^Re{xi,Xj) for 1 < i < j < n. 

Proof. From observe that 

(3.113) 


\\xi\\^ Mm \\xj\\^ < {M to) Re {xi, Xj ), 
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for 1 < i < j < n. Dividing mm by y/mM > 0, we deduce 

' ^ /»// - 4 - m 

■ Re {xi, Xj !, 


y/mM 

and since, obviously 


XiW ,—TTii 1(2 M + m 

" + VmM\\xj\\ < 


V mM 




hence 


2 |kz|| \\xj\\ < + VmM ||xj-| 


M + m 

Ipill Ipill ^ ^ / R-e {Xi, Xj) , for 1 < z < j < n. 


2\/mM 


Applying Lemma 0 for k = > 1, we deduce the desired result. 


Remark 49. We also must note that a simpler but coarser inequality that can 
he obtained from mm is 


( 2\/ mM 

I M + TO 


provided rrm) holds true. 


XI 11^*11 - 
2=1 


n 

i=l 


Finally, a different result related to the generalised triangle inequality is incor¬ 
porated in the following theorem [ 3 ]. 

Theorem 53 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over 
K, 77 > 0 and S iL, z G { 1 ,..., n} with the property that 

(3.114) \\xj — Xi\\ < rj < \\xj\\ for each z, j G {1, ..., n} . 

Then we have the following reverse of the triangle inequality 

E TI 

2=1 


The equality holds in wym iff 


\xi\? - r]^ 


< 


lELia^u, 


ELill^dl' 


(3.116) l|a;i|| \/\\xj\\'^ - 772 = Re {xi, xj) for each i,je{l,...,n}. 

Prooe. From mm, we have 

\\xi\\^ + \\xj\\‘^ - 17 ^ < 2Re {xi,Xj), i,j G 
On the other hand, 

2||a;i|| yjwxjf -rj^ < ||a:,f -h \\xjf -rf, i,j G {l,...,?^} 

and thus 

lla^ill \J\\xj\\^ - rf < Re{xi,Xj) , z,j G {1,...,rz} . 

Summing over z, j G {1,..., 77 } , we deduce the desired inequality 13.11511 . 

The case of equality is also obvious from the above, and we omit the details. | 
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3.8. Reverses for Complex Spaces 

3.8.1. The Case of One Vector. The following result holds jSl- 

Theorem 54 (Dragomir, 2004). Let (R; (•, •)) be a complex inner product space. 
Suppose that the vectors Xk S H, k G {1,..., n} satisfy the condition 

(3.117) 0 < ri ||a;fe|| < Re (a:fe,e), 0 < r 2 ||a;fe || < Im (a;^, e) 

for each k G {1,..., n} , where e G H is such that ||e|| = 1 and ri,r 2 > 0. Then we 
have the inequality 

(3.118) yrl+rl'^\\xk\\ < 

k^l 

where equality holds if and only if 

Xk = (^1 +^^^ 2 ) 


n 

(3.119) ^ 




Proof. In view of the Schwarz inequality in the complex inner product space 
{H; (•, •)), we have 


(3.120) 


k^l 


E 


Xk 




'^Xk,( 




\fe=i 
n 

^Re{xk,e) +i f {xk, 

k^l \k^l 

^Re(a:fe,e) + E Im (xfc, e) 


\k^l 


\k^l 


Now, by hypothesis 
(3.121) 
and 


^Re(a:fc,e)^ > rj ||a:fc||^ 




(3.122) 


y]lm(a;fe,e)) > ^2 ( 


\Xk\ 


\k^l 


\k^l 


If we add (|3.121|1 and (|3.122|1 and use (|3.120|) , then we deduce the desired inequality 

EUi. 

Now, if mm holds, then 


E 


Xk 


= \ri+ir2\ (Ell^'^llj = 


j - " 

\Ai^Ei 


Xk 


k=l 


and the case of equality is valid in H3.118II . 
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Before we prove the reverse implication, let us observe that for x G H and 
e G H, \\e\\ = 1, the following identity is true 

||x- (x,e)ef = ||xf - |(x,e)|^ 

therefore ||x|| = |(x,e)| if and only if x = (x,e) e. 

If we assume that equality holds in Id.11811 , then the case of equality must hold 
in all the inequalities required in the argument used to prove the inequality (ld.11811 . 
and we may state that 


(3.123) 

and 

(3.124) 


E 


Xk 


^ ^ Xfc, ( 


\fc=l 


ri lixfcll = Re(xfc,e), r 2 ||xfc|| = Im (xfc.e) 


for each k G {1,..., n} . 
From Ijd. 12311 we deduce 

(3.125) 


^Xk = (^Xk, 


e ) e 


k=l 


\k=l 


and from (I3.124II . by multiplying the second equation with i and summing both 
equations over k from 1 to n, we deduce 


(3.126) 


(n +ir2)^ lixfcll = (E 


Xk,e 






Finally, by and (I3.125II . we get the desired equality (13.11911 . | 

The following corollary is of interest |51 ■ 

Corollary 29. Let e a unit vector in the complex inner product space {H] (•, •)) 
and Pi, P 2 £ (0,1)- If Xk G H, k G {I,... ,n} are such that 

(3.127) ||a;fc - e|| < pi, \\xk - ie\\ < P 2 for each k G , 

then we have the inequality 


k=l 


, - "■ 

(3.128) ^2-pI-pIY,\\xu\\< 

with equality if and only if 

n 

Y,xk = 


k^l 


(3.129) 




E 

fc=i / 


'i-pI + i^i-pI 

Proof. From the first inequality in (13.12711 we deduce 

(3.130) 0< Y^l-pf lixfcll < Re(xfe,e) 

for each k G {1,..., n} . 

From the second inequality in (13.12711 we deduce 


0 < pI ||a:fc|| < Re (xfe,ie) 
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for each /c G {1,..., n} . Since 


hence 

(3.131) 


Re {xk,ie) = Im {xk,e), 


0 < \Jl- pI liccfcll < Im (xfe, e) 


for each fc G {1,..., n} . 

Now, observe from (13.13011 and II3.131II . that the condition 113.11711 of Theorem 
ISl is satisfied for ri = ^Jl — p\, r 2 = yjl — p\ G (0,1), and thus the corollary is 
proved. | 


The following corollary may be stated as well . 

Corollary 30. Let e be a unit vector in the complex inner product space 
{H; (•, •)) and Mi > mi > 0, M 2 > m 2 > 0. If Xk & H, k G {1,..., n} are such that 
either 


(3.132) 

or, equivalently, 

(3.133) 


Re (Mie — Xk, Xk — mie) > 0, 
Re {M 2 ie — Xk, Xk — m 2 ie) > 0 


Ml + TOi 

Xk -^-e 

M 2 + m 2 . 
Xk -r- le 


< i {Ml-mi), 

< ^ {M 2 - m 2 ), 


for each fc G {1, ..., n} , then we have the inequality 


(3.134) 


miMi 


+ 


m 2 M 2 


(Mi+mi)^ (M2+7712)^ 


l|2:fc|| < 


J 


k=l 


The equality holds in \3.134^ if and only if 
(3.135) 


—of 


iMi . \/m2M2 


k=l 


VMi+toi M2 + m2 




e. 


\k^l 


Proof. From the first inequality in 
(3.136) 0 < llxfell < Re(aifc,e) 

Ml + mi 

for each k G {1,..., n} . 

Now, the proof follows the same path as the one of Corollary Ei and we omit 
the details. | 


3.8.2. The Case of TO Orthonormal Vectors. In U, the authors have 
proved the following reverse of the generalised triangle inequality in terms of or¬ 
thonormal vectors |S] . 

Theorem 55 (Diaz-Metcalf, 1966). Let ei,...,em be orthonormal vectors in 
{H; (•, •)), i.e., we recall that (e^, Cj) = 0 if i ^ j and ||ei|| = 1, i,j G {!,..., to} . 
Suppose that the vectors Xi,... ,Xn G H satisfy 

0 < rfc \\xj\\ < Re{xj,ek), 
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j G {1,... ,n} , k G {1,..., m} . Then 
(3.137) 

where equality holds if and only if 


XI 11^7 II < 

i=i 


\k^l 


i=i 


(3.138) 


= Eii^'jII E 


^k ■ 




\3 = '^ 


k^l 


If the space (iJ; (•,•)) is complex and more information is available for the 
imaginary part, then the following result may be stated as well 

Theorem 56 (Dragomir, 2004). Let ei,..., Cm G H be an orthonormal family 
of vectors in the complex inner product space H. If the vectors xi,... ,Xn G H 
satisfy the conditions 


(3.139) 


0 < r-fe ||xj|| < Re{xj,ek ), 0 < \\xj\\ < lui{xj,ek) 


for each j G {1, ..., n} and k G to} , then we have the following reverse of 

the generalised triangle inequality; 


(3.140) 


E + pI) 


.k^l 


E ii^jii - 


E 

j=i 


Xi 


The equality holds in jd.lfUj) if and only if 


(3.141) 


E^J' = E 11^7 II '^i'^k + iPk)ek- 




0=1 


k=l 


Prooe. Before we prove the theorem, let us recall that, \ix G H and ei, ..., 
are orthogonal vectors, then the following identity holds true: 


(3.142) 


= Ikf - E l(2^>efc)|^ 




■ - ^ {x,ek) ek 

k^l 

As a consequence of this identity, we note the Bessel inequality 

m 

(3.143) '^\{x,ek)\^ <\\x\\^ ,x G H. 

k^l 

The case of equality holds in 143(1 if and only if (see ((3.142|) 1 

m 


fc=i 


(3.144) 
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Applying Bessel’s inequality for x = ^2^=1 have 



n 

2 

m 

In \ 

2 

m 

n 

(3.145) 

E'^i 

1=1 

Wi 

Al 

[^Xj^ekj 

Wi 

II 

1=1 



Now, by the hypothesis libli-iDII we have 


(3.146) 


|^^Re(a;j,e/c)j >rl 



2 


and 


(3.147) 


^Im(a;j,efe) > X! I 


il=i 


0=1 


Further, on making use of (13.14511 - 113.14711 . we deduce 


i=i 


^E 


Eii^iii +^mE 


vi=i 
2 


0 = 1 


= E 11^1 II Jli^k+pl) 


vl=i 


fc=l 


which is clearly equivalent to (13.14011 . 
Now, if (13.14111 holds, then 


E^ 

1=1 


= m 


u=i 


E 


k^l 


= E 11^1 II Ei^'=+*^fei' 


0 = 1 


k^l 


— (Eii^iii) E(^fc+ Pk )> 


0 = 1 


k=l 


and the case of equality holds in (13.14011 . 
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Conversely, if the equality holds in (l.'hl dOII . then it must hold in all the inequal¬ 
ities used to prove (13.14011 and therefore we must have 



n 

2 

m 

n 

(3.148) 

1=1 

-E 

E*^^uefc) 

1=1 


and 


( 3 . 149 ) rk\\xj\\ =Re{xj,ek), Pk\\xj\\ =lui{xj,ek) 

for each j G {1,..., n} and fc G {1,..., m} . 

Using the identity (13.14211 . we deduce from (13.14811 that 

n min \ 

( 3 . 150 ) '^Xj ='^('^Xj,ek) Ck- 

j=i k=i \j=i / 

Multiplying the second equality in (13.14911 with the imaginary unit i and summing 
the equality over j from 1 to n, we deduce 

( 3 . 151 ) irk + ipk)^\\x:j\\ = ('^Xj,ek) 

i=i \i=i / 

for each k £ {1,..., n} . 

Finally, utilising (13.15011 and (13.15111 . we deduce 113.14111 and the theorem is 
proved. | 


The following corollaries are of interest |S1 • 


Corollary 31. Let be orthonormal vectors in the complex inner 

product space {H\ (•, •)) and Pk^Pk ^ (0) 1) j ^ G {Ij ■ ■ ■ ,n} . If Xi,... ,Xn G H are 
such that 

\\xj-ek\\<Pk, \\xj-iek\\<Vk 
for each j G {1,... , n} and fc G {!,..., m} , then we have the inequality 


(3.152) 


m 

E (2 - Pfe - Pk) 

^Eiix.ii< 

n 

E^j 

-k^l 

II 

II 


The case of equality holds in l^d.l5‘A) if and only if 


(3.153) 


1=1 


vl=i 


k=l 




The proof employs Theorem 1501 and is similar to the one from Corollary oa 
We omit the details. 


Corollary 32. Let ei,...,em be as in Corolla,ru \dl\ and Mk > rrik > 0, 
Nk > Uk > 0, k G {1,..., to} . If xi,... ,Xn £ H are such that either 


Re{Mkek - Xj,Xj - mkCk) > 0 , Re{Nkiek - Xj,Xj - Ukick) > 0 
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or, equivalently, 


Mk + TOfc 
Xj — 2 

Nk + nk . 

Xj ~ 


< 2 - ruk ), 

< ^ {Nk - Uk) 


for each j S {1,..., n} and k G {1,..., m} , then we have the inequality 

rukMk , nkNk 


(3.154) 


ME 


L 


{Mk + mkf {Nk + Ukf 


- 


i=i 


The case of equality holds in if and only if 


(3.155) 


E^-j' “ ^ (E IE 


/ y/rukMk , . VnffNf 

i- 


i=i 


Vi=i 


k=l 


\Mk +mk Nk + Uk 


■ 


The proof employs Theorem EH and is similar to the one in Corollary EH We 
omit the details. 

3.9. Applications for Vector-Valued Integral Inequalities 

Let {H-, {■, •)) be a Hilbert space over the real or complex number held, [a, b] a 
compact interval in K and rj : [a, b] —> [0, oo) a Lebesgue integrable function on [a, b] 
with the property that ry (t) dt = 1. If, by ([a, b] ; H) we denote the Hilbert 
space of all Bochner measurable functions f : [a, b] H with the property that 
la ^ \\f {'^)\f norm H-H^ of this space is generated by the inner 

product ( 


H X H 


dehned by 

i-b 


{f,g)rj ■= [ v{t){f{t)M{t))dt. 

J a 


The following proposition providing a reverse of the integral generalised triangle 
inequality may be stated |^. 

Proposition 42. Let {H; {■,■)) be a Hilbert space and ry : [a,b] —> [0,oo) as 
above. If g € ([a, b] ; H) is so that ry (t) \\g {t)\\^ dt = 1 and fi G L^i ([a, b ]; H ), i G 

{1,..., n} , p G (0,1) are so that 

(3.156) \\h{t) - g{t)\\ < p 

for a.e. t G [o, b] and each i G {1,..., n} , then we have the inequality 


(3.157) ( [ 

i=i 


V{t)\\f^{t)\\ dt 


< 


v{t) 




dt 


The case of equality holds in \S.151^ if and only if 


E'^* W = V'l-P^E ( / g{*)\\f^{*)f dt\ ■g{t) 
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for a.e. t G [a, b] . 


Proof. Observe, by (IH. 15711 . that 


ll/^ -5ll^ = 


< 


- 9{t)f dt 


1 

2 



= P 


for each i G {1,..., n} . Applying Theorem 021 for the Hilbert space ([a, b]\H), 
we deduce the desired result. | 


The following result may be stated as well . 

Proposition 43. Let H, rj, g he as in Proposition^^ If fi G ([a, b ]; H) , i G 
{1,..., n} and M > m > 0 are so that either 

Re {Mg (t) - fi {t), fi {t) - mg (t)) > 0 


or, equivalently, 


m + M 

fi (O-^- 9 (O 




for a.e. t G [a, b] and each i G {1, ..., n} , then we have the inequality 






fi 


2=1 


2 \ 2 
dt 


The equality holds in if and only if 




for a.e. t G [a, b] . 


The following proposition providing a reverse of the integral generalised triangle 
inequality may be stated [ 1 ]. 


Proposition 44. Let {H; {■,■)) be a Hilbert space and g : [a,b] [0, oo) as 

above. Ifg G Ljj ([a, b] ; H) is so that g (t) \\g (t)|l^ dt = 1 and fi G L^^ ([a, b] ; H), i G 
{1,..., n} , and M > m > 0 are so that either 

(3.159) Re {Mf, {t) - /, (t), /, (t) - mf, {t)) > 0 


or, equivalently. 


h (i) 


M 


fj (t) 


<-pM 


w) Wfj (t)|| 
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for a.e. t G [a, 5] and 1 < i < j < n, then we have the inequality 


(3.160) 


n / b \ 2 

Ylij 'ni*)\\fd*)f dtj 

< j\{t) 

J a 




dt 


1 [M — m) 


2 pb /n-l 


2 m + M 

The case of equality holds in \H. 1 filA) if and only if 


j i^^k\\fk+i{t)fj dt. 


2 / pb 




- [ V{t) Re {f^ (t ), fj {t)) dt 

J a 

1 { M-mf 


4 m + M 


Vit)\\fjit)\\ dt 


for each i,j with 1 < i < j < n. 
Proof. We observe that 


Re {Mfj - fi, /, - mfj)^ 

rj (t) Re {Mfj {t) - /* (t), /* (t) - mfj {t)) dt > 0 

for any i,j with 1 < i < j < n. 

Applying Theorem [SOI for the Hilbert space ([a, ',H) and for yi = fi,i G 

{1,..., n} , we deduce the desired result. | 



Another integral inequality incorporated in the following proposition holds |4| : 
Proposition 45. With the assumptions of Proposition 123 we have 


(3.161) 


2^/rnM 
m + M 


E / v{t)\\f.{t)f 



1-1 2 

2 



n ^b 

E / dt 

i=l da 


< 


v{t) 




1—1 


2 

dt. 
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The case of equality holds in 16 1\) if and only if 


v { t )\\ h { t )\\ dt 


vit)\\fAt)\\ dt 


M + m 


T] (t) Re {f^ (t ), fj (t)) dt 


2'/rnM 

for any i,j with 1 < i < j < n. 

The proof is obvious by Theorem E3 and we omit the details. 

3.10. Applications for Complex Numbers 

The following reverse of the generalised triangle inequality with a clear geomet¬ 
ric meaning may be stated |S]. 

Proposition 46. Let Zi,..., be complex numbers with the property that 


(3.162) 


0 < (/?! < arg(zfc) <iP 2 < 


for each k G {1, ..., n} . Then we have the inequality 
(3.163) 


/ sin^ + cos2 (^2 I - 

k—1 k—l 

The equality holds in IV. 1 hlA) if and only if 

n n 

(3.164) Zk = (cost/?2 + ^siny?]^) E \zk\ ■ 

fc—1 k—l 

Proof. Let Zt = Uk+ibk- We may assume that 6^ > 0, Ofc > 0, fc S {1,...,n} , 
since, by (I3.162I) . ^ = tan[arg(zfc)] G [O, |) , A: G {1,..., n}. By II3.162II . we 
obviously have 


52 

0 < tan^ Pi < < tan^ 


k G 


from where we get 


bl + al 


Jl — 


1 


COS^ (/?2 


A: G {l,...,n}, v 52 G (o, 


and 


"fc -F "fc < 1 + tan^ Pi 


1 


A: G {l,...,n}, p^G (o, 


aj tan p-^ sin p-^ 

giving the inequalities 

\zk \cos (^2 < R-e (zfe), \zk\ sin(/3i < Im {zk) 
for each k G {1,..., n} . 

Now, applying Theorem 1541 for the complex inner product C endowed with the 
inner product (z, w) = z ■ w for Xk = Zk, ri = cos(/? 2 , ‘>'2 = sintpj^ and e = 1, 
we deduce the desired inequality (13.16311 . The case of equality is also obvious by 
Theorem El and the proposition is proven. | 
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Another result that has an obvious geometrical interpretation is the following 

one. 

Proposition 47. Let c S C with \z\ = 1 and Pi,P 2 & (Oj 1) ■ If & C, 
k G {I,... ,n} are such that 

(3.165) \zk — c\ < Pi, \zk — ic\ < P 2 for each /c S {1,. .., n} , 
then we have the inequality 

(3.166) 2 - pI - pl'^\zk\ < 

k^l 

with equality if and only if 

(3.167) (fl-p\+ifl-pi\ I c. 

^ I \fc=i / 

The proof is obvious by Corollary EHI applied for H = C. 

Remark 50. If we choose e = 1, and for Pi, P 2 G (0,1) we define D (1, pj^) := 
{z G 'C\\z — 1\ < pi\ , D {i, P 2 ) := {z G C| |z — z| < P 2 } > then obviously the inter¬ 
section 

Sp^,p^ := D (1, p^) n D {i, P 2 ) 

is nonempty if and only if Pi -\- P 2 ^ V^- 

If Zk G Sp^^p^ for k G {1, ..., n} , then L‘L 1 6(A) holds true. The equality holds in 
\S.16b\l if and only if 
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CHAPTER 4 


Reverses for the Continuous Triangle Inequality 


4.1. Introduction 


Let / : [a, 6] ^ K, K = C or R be a Lebesgue integrable function. The following 
inequality, which is the continuous version of the triangle inequality 


(4.1) 


/ (a;) dx 


< 


\f{x)\dx, 


plays a fundamental role in Mathematical Analysis and its applications. 

It appears, see [H p. 492], that the first reverse inequality for (14.111 was obtained 
by J. Karamata in his book from 1949, |Hj. It can be stated as 


(4.2) 

COS0 f / (x) dx < 

( / (x) dx 


J a 

J a 


provided 


—9 < arg f (x) < 9, x G [a, b] 


for given 9 G (O, f) . 

This integral inequality is the continuous version of a reverse inequality for the 
generalised triangle inequality 


(4.3) 


cos0^ \zi\ < 


i=l 


provided 

a — 9 < arg {zi) < a + 9, for i G {1,..., n} , 

where a G K and 9 G (O, , which, as pointed out in H p. 492], was first discovered 

by M. Petrovich in 1917, |9], and, subsequently rediscovered by other authors, 
including J. Karamata O p. 300 - 301], H.S. Wilf m, and in an equivalent form, 
by M. Marden |7j. 

The first to consider the problem in the more general case of Hilbert and Banach 
spaces, were J.B. Diaz and F.T. Metcalf [J who showed that, in an inner product 
space H over the real or complex number field, the following reverse of the triangle 
inequality holds 


(4.4) 




n 

i=l 


provided 


0 < r < 


Re (xi, a) 
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and a G H is a unit vector, i.e., ||a|| = 1. The case of equality holds in limi if and 
only if 


Xi = r IItJ 

i=l Vi=l 

A generalisation of this result for orthonormal families is also well known [J: 
Let ai,, am be m orthonormal vectors in H. Suppose the vectors Xi,... ,Xn G 
H\ {0} satisfy 

0 < Tfe < - r — r -, iG{l,...,n}, kG{l,...,m}. 

\\Xi\\ 




Then 



11^*11 - 

2=1 


2=1 


where equality holds if and only if 


n 

2=1 



m 

fc=l 


The main aim of this chapter is to survey some recent reverses of the triangle 
inequality for Bochner integrable functions / with values in Hilbert spaces and 
defined on a compact interval [a, 6] C M. Applications for Lebesgue integrable 
complex-valued functions are provided as well. 


4.2. Multiplicative Reverses 

4.2.1. Reverses for a Unit Vector. We recall that / G L {[a,b] ■, H) , the 
space of Bochner integrable functions with values in a Hilbert space H, if and only if 
f : [a, b] ^ H is Bochner measurable on [a, b] and the Lebesgue integral |j/ (t)|| dt 
is finite. 

The following result holds [ 5 ]: 

Theorem 57 (Dragomir, 2004). If f G L{[a,b] ;H) is such that there exists a 
constant K > 1 and a vector e G H, \\e\\ = 1 with 

(4.6) ||/(t)|| < A:Re(/(t),e) for a.e. t G [a,b], 


then we have the inequality: 


(4.7) 


\\f[t)\\dt<K 


f (t) dt 


The case of equality holds in if and only if 

f(t)dt = ^(^J \\fit)\\d?je. 


(4.8) 


b 


b 
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Proof. By the Schwarz inequality in inner product spaces, we have 


(4.9) 


/ (t) dt 


> 


> Re 


/ (t) dt 


f (t) dt, e 


> 


Re ( / / (t) dt, e 


/ f{t)dt,e)= Re (/ (t), e) dt. 

a j ^ a 


From the condition gSI), on integrating over [a, b], we deduce 

(4.10) J Re{f {t) ,e)dt> J \\f{t)\\dt, 

and thus, on making use of 1013 and (ITTUIl . we obtain the desired inequality 03. 
If 03 holds true, then, obviously 


K 


f (t) dt 


= e 


\\f(t)\\dt= / \\f{t)\\dt. 


showing that 03 holds with equality. 

If we assume that the equality holds in 03 , then by the argument provided at 
the beginning of our proof, we must have equality in each of the inequalities from 

03 and 0331. 

Observe that in Schwarz’s inequality ||a;|| ||y|| > Re{x,y), x,y £ H, the case 
of equality holds if and only if there exists a positive scalar fi such that x = ye. 
Therefore, equality holds in the first inequality in 14.911 iff / (<) dt = Ae, with 
A > 0 . 

If we assume that a strict inequality holds in 14.till on a subset of nonzero 
Lebesgue measure in [a, 6], then 


/ \\f[i)\\dt<Kl Re{f{t),e)dt, 

J a J a 

and by we deduce a strict inequality in 03 , which contradicts the assumption. 
Thus, we must have ||/ (t)|| = K Re {f (t), e) for a.e. t £ [a, b]. 

If we integrate this equality, we deduce 


[ \\f{t)\\dt = K ( Re{f {t) ,e)dt = KRel f f{t)dt,e 
J a J a \J a j 

= KRe{Xe,e) = XK 


giving 

>^ = ^J\\fmdt, 

and thus the equality 14.811 is necessary. 

This completes the proof. | 


A more appropriate result from an applications point of view is perhaps the 
following result j2j- 
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Corollary 33. Let e be a unit vector in the Hilbert space {H; (•, ■)), p G (0,1) 
and f G L ([a, b ]; H) so that 

(4.11) |!/(i)-e||<p for a.e. t G [a,b]. 

Then we have the inequality 


(4.12) 

V^-P'^f \\fit)\\dt< 

J a 

[ f (t) dt 

J a 

with equality if and only if 


(4.13) 

f f {t)dt = ^1- p'^ ( 1 

J a ^ 

11/(Oil 

Proof. 

From H4.1 1 |l. we have 



|!/(t)f - 2Re(/ (t) ,e) + 1 < p^ 


giving 


for a.e. t G [a, 6]. 


ll/(0f+ 1-P^ <2Re(/(f),e) 


Dividing by y^l — > 0, we deduce 


(4.14) 


Wfjtw 

\/l - p 


+ \/l- < 


2 Re (/ [t ], e) 


for a.e. t G [a, b]. 

On the other hand, by the elementary inequality 


-h > 2y/pq, p,q>0, a > 0 


a 


we have 
(4.15) 


2||/(t)ll< 


MMl 


+ Vi-P^ 


for each t G [a,b]. 

Making use of 14.1411 and 14.15II . we deduce 


\\fm< 


p‘‘ 


: Re (/ (t), e) 


for a.e. t G [a, b]. 

Applying TheoremEUfor K = A , we deduce the desired inequality 14.1211 . | 

In the same spirit, we also have the following corollary |2|. 

Corollary 34. Let e be a unit vector in H and M > m > 0. If f G L ([a, b ]; H) 
is such that 


Re (Me — f (t), f (t) — me) > 0 


fit) 


M - 


<-,iM 


m) 


(4.16) 

or, equivalently, 

(4.17) 


























4.2. MULTIPLICATIVE REVERSES 


131 


for a.e. t G [a,b ], then we have the inequality 


(4.18) 




M - 


■ m 


\\f{t)\\dt< 


f (t) dt 


or, equivalently, 

(4.19) (0<) f\\f{t)\\dt- 

J a 


< 


M — Jrri 


f (t) dt 


f (i) dt 


M + m 

The equality holds in U-1^ (or in the second part of if and only if 

'■*’ 2vWM ^ 


(4.20) 




Proof. Firstly, we remark that if x, z, Z G H, then the following statements 
are equivalent 

(i) Re (Z — cc, a; — z) > 0 

and 

(ii) ||x-^||<i||Z-z||. 

Using this fact, we may simply realise that inmii and are equivalent. 

Now, from we obtain 

|l/(t)f +toM < (M + m)Re(/(t),e) 


for a.e. t G [a, b]. Dividing this inequality with \/rnM > 0, we deduce the following 
inequality that will be used in the sequel 


(4.21) 


\\mf 

\/ mM 


+ VmM < 


M + m 
'fmM 


Re (/ (t), e) 


for a.e. t G [a, b]. 

On the other hand 

(4.22) 2\\f{t)\\<^M^ + V^, 

VmM 

for any t € [a, b]. 

Utilising KTHi and we may conclude with the following inequality 




for a.e. t G [a, 6]. 

Applying Theorem EH for the constant K := > 1, we deduce the desired 

result. I 
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4.2.2. Reverses for Orthonormal Families of Vectors. The following re¬ 
sult for orthonormal vectors in H holds |2] . 

Theorem 58 (Dragomir, 2004). Let {ei,...,e„} be a family of orthonormal 
vectors in H, ki > 0, i G {I,... ,n} and / S L ([a, 6]; H) such that 

(4.23) fc.||/(t)|| <Re(/(t),e.) 


for each i G {1,..., n} and for a.e. t G [a, b ]. 
Then 


(4.24) 




2 rb 


11/(011 dt < 


f (t) dt 


where equality holds if and only if 

rb f rb 


(4.25) 


/ o / /*" \ _ _ 

f{t)dt=ij \\f{t)\\dtjY^kiei. 


Proof. By Bessel’s inequality applied for J f (t) dt and the orthonormal vec¬ 
tors {ei,..., e„} , we have 


(4.26) 


/ (t) dt 


n 

^E 

2=1 

n 

= E 


2=1 


/ (0 dt, a 


Re (y / (t) dt, Cr 


Re (/ (t), ef) dt 


-\ 2 


Integrating 1023, we get for each i G {1,..., n} 


pb pb 

0<k \\fi.t)\\dt< / Re{f (t) ,ei)dt, 

J a J a 


implying 

(4.27) 


E 


Re (/ (t), a) dt 






On making use of llOHll and 623, we deduce 


/ (0 dt 


11/(ON^^ . 


which is clearly equivalent to (OUl . 
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If (lO^ holds true, then 


/ (t) dt 




11/ 


\\f{t)\\dt 


n \ 2 .b 

2 \ / 


n 

f{t)\\ dt 


^ "e,;|P 


showing that holds with equality. 

Now, suppose that there is an zq G {1,..., n} for which 

K 11/(Oil < Re(/(0>eio) 

on a subset of nonzero Lebesgue measure in [a, 6]. Then obviously 

nb nb 

ho ll/(OII*</ R-e(/(0-eio)*, 

J a J a 

and using the argument given above, we deduce 


\ ^ pb nO 

XI / \\fih\\dt< / /(t) 

^i=l / da Ja 


dt 


Therefore, if the equality holds in we must have 

(4.28) fcOI/(OII =Re(/(0,e.) 

for each i G {1,..., n} and a.e. t G [a, b]. 

Also, if the equality holds in 14.2411 . then we must have equality in all inequal¬ 
ities 0221, this means that 


/ b n j pb \ 

f{t)dt = '^l / (0 dt, Ci \ d 

i=l V°' / 

Im^y f{t)dt,e^=0 for each iG {!,...,n}. 


(4.29) 
and 

(4.30) 

Using and (Onil in 023, we deduce 


/ b ^ \ 

f {t)dt = Y^Re(j f{t)dt,eAei 

n pb 

= X / 

i=l da 

= x|^/ WfihWdt^hd 

pb n 

= / ll/( 0 N^X**®*’ 

a . — I 
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and the condition is necessary. 

This completes the proof. | 

The following two corollaries are of interest [ 5 ]. 

Corollary 35. Let {ei,...,e„} he a family of orthonormal vectors in H, 
Pj € (0,1), i S {1,..., n} and f G L ([a, b] ; H) such that: 

(4.31) 11/(i) — Gill < pj for is{l,...,n} and a.e. t G [a,b]. 

Then we have the inequality 

1 

n \ 2 

/ \\fit)\\dt< 

i=i / 

with equality if and only if 

ph pb 

/ f{t)dt^ \\f {t)\\dtJ2{^- PiY 

Proof. From the proof of Theorem EZI we know that implies the in¬ 

equality 

\Jl- pi ||/(t)|| < Re(/(t) ,ei) , iG{l,...,n}, for a.e. t G [a, 6]. 

Now, applying TheoremEHlfor ki := — pi, i G {1,..., n}, we deduce the desired 

result. I 


/ (t) dt 


A different results is incorporated in (see HI): 


Corollary 36. Let {ei,...,e„} be a family of orthonormal vectors in H, 
Mi > mi > 0, i G {1,. ■. ,n} and f G L {[a, b]; H) such that 

(4.32) Re (M,e, - f {t), f {t) - m,ef) > 0 


or, equivalently, 


M, + mi 

f it) --e, 


< - {Mi - mi) 


for i G {1,... ,n} and a.e. t G [a,b ]. Then we have the reverse of the continuous 
triangle inequality 


E' 


Ami Mi 


_i=i i'^i + 
with equality if and only if 


2 pb 


\\fit)\\dt< 


f {t) dt 


/ b / ri 

11/WII dt f ^ 


2\/miMi 

mi + M, 


■a 


Proof. From the proof of Coro]larv l35l we know implies that 

< Re(/(t) ,ei), zG{l,...,n} and a.e. t G [a, 6]. 

TTli + IVli 

Now, applying TheoremEHlfor ki := i G {1,. • ■ , n} , we deduce the desired 

result. I 
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4.3. Some Additive Reverses 

4.3.1. The Case of a Unit Vector. The following result holds j31- 

Theorem 59 (Dragomir, 2004). If f G L{[a,b] ;H) is such that there exists a 
vector e G H, ||e|| = 1 and k : [a, 5] ^ [0,oo), a Lebesgue integrable function with 

(4.33) \\f{t)\\-Re{f{t),e)<k{t) for a.e. t G [a,b], 
then we have the inequality: 

(4.34) (0<) f\\f(t)\\dt- 

J a 

The equality holds in 14-341 ) if o-n-d only if 

(4.35) 
and 


f (t) dt 


< f k{t) dt. 

J a 


||/(t)|j dt> [ k{t)dt 


(4.36) 


[ f{t)dt=(f \\f{t)\\dt-f k{t)dt]e. 
J a \J a J a j 


Prooe. If we integrate the inequality 1(03, we get 


(4.37) 


I!/(t)|| dt < Re f(t)dt,^+ J k{t)dt. 


By Schwarz’s inequality for e and f (t) dt, we have 

/ rb \ 


(4.38) 


Re' 


/ {t) dt, 


< 


< 


Re ( 


/ {t) dt, e 


< 


f (t) dt 


t fit) 

J a 


f it) dt, e 


dt 


Making use of and 1(133, we deduce the desired inequality 

If (lO^ and hold true, then 


f{t)dt = / \\f{t)\\dt- / k{t)dt 


= [ \\fit)\\dt- ( k{t)dt 

J a J a 

and the equality holds true in 

Conversely, if the equality holds in then, obviously is valid and 

we need only to prove igsnii- 

If ll/(^)ll ~ He(/(0,c) < k{t) on a subset of nonzero Lebesgue measure in 
[a, b], then (I4.37|l holds as a strict inequality, implying that lITMIl also holds as 
























136 


4. REVERSES FOR THE CONTINUOUS TRIANGLE INEQUALITY 


a strict inequality. Therefore, if we assume that equality holds in then we 

must have 

(4.39) \\f (t)\\ =Re{f (t) ,e) + k{t) for a.e. t€[a,b]. 

It is well known that in Schwarz’s inequality ||a;|| ||y|j > Re(x,y) the equality 
holds iff there exists a A > 0 such that x = Ay. Therefore, if we assume that the 
equality holds in all of then there exists a A > 0 such that 

(4.40) 


f f (t) dt = Ae. 
J a 


Integrating on [a, 6], we deduce 


J \\f it)\\dt = Re(^J k(t)dt, 

and thus, by we get 


\fmdt = X\\e\\ 


k (t) dt, 


giving A = In, \\ f (i)ll dt - Ht) d t. 

Using we deduce (OHll and the theorem is completely proved. | 

The following corollary may be useful for applications . 

Corollary 37. If f G L{[a,b] ;i7) is such that there exists a vector e G H, 
||e|| = 1 and p G (0,1) such that 

(4.41) ||/(i)-e||<p for a.e. t G [a,b], 

then we have the inequality 


(4.42) {0<) f \\f{t)\\dt- f 

J a J a 


< 


v^r^(i + v^T^) 


/ (t) dt 


Re ' 


< 


The equality holds in 

(4.43) [\\fmdt> 

J a 

and 

(4.44) ['f{t)dt 

J a 


v/r^(i + ^/r^) 

if and only if 


f {t) dt, 


f {t) dt 


(l + 


Re I 


/ [i) dt, e 


1/(Oil dt- 


vT^(i + v^r^) 


Re' 


/ (0 dt, 
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Proof. Firstly, note that 14..S5II is equivalent to 


||/Wlr + l-p"<2Re(/(t),e), 


giving 


for a.e. t S [a, 6]. 
Since, obviously 


mm 

M - p 


+ \/i - < 


2 Re (/ (t), e) 

x/TM 


2||/WII< 


ii/wir 


for any t € [a, 5], then we deduce the inequality 


+ \/l ~ ; 


ly (^)ll ^ for a.e. < e [a, 6], 




which is clearly equivalent to 

||/(t)|| - Re(/(t) ,e) < 


■ Re (/ it) : e) 


for a.e. t G [a, 6]. 

Applying Theoreml59lfor k (t) := 

desired result. I 


MM(i +v^TM) 

Re (/ (t), e), we deduce the 


v^i-p2(i+Vi-A) 


In the same spirit, we also have the following corollary [21 . 

Corollary 38. If f & L{[a,b] ;H) is such that there exists a vector e G H, 
lell = 1 and M > m > 0 such that either 


(4.45) 

or, equivalently, 

(4.46) 


Re {Me — / (t), / (t) — me) > 0 


M + m 

fit) -^-e 




for a.e. t G [a, 5], then we have the inequality 


(4.47) (o<) r||/(t)||dt- [ 

J a J a 


< 


M — Cm 


/ 


2\/mM 


M — Jrn 


f it) dt 

RelJ f {t) dt, e 


< 


2\/rnM 

The equality holds in if and only if 


V 


/ it) dt 


11/(011 dt > 


M- 


2^/mM 


■ Re I 


/ {t) dt, e 







































138 


4. REVERSES FOR THE CONTINUOUS TRIANGLE INEQUALITY 


and 


f f{t)dt= ( \\fit)\\dt 

J a J a 


M — Jm 


V 


2vmM 


■Re^y f{t)dt,e^ I e. 


Proof. Observe that (14.4511 is clearly equivalent to 

11/(Of +mM < (M + m)Re {f{t),e) 
for a.e. t G [a, b ], giving the inequality 




for a.e. t G [a, b]. 
Since, obviously, 


2\\f{t)\\ < llfflL + vO^ 


y/mM 

for any t G [a, b ], hence we deduce the inequality 


11/(011 < - 7 ^= Re (/(f), e) for a.e. t G [a, 6], 


\/mM 

which is clearly equivalent to 

11/(011 -Re(/(0,e) < 


M — Jrn 


2\/mM 


■ Re (/ (0 > e) 


for a.e. t G [a, 6]. 

Finally, applying Theorem 1591 we obtain the desired result. | 

We can state now (see also | 3 ]): 

Corollary 39. If f G L ([a, 6]; H) and r G L 2 ([a, b] ; H), e G H, ||e|| = 1 are 
such that 

(4.48) ||/(t) - e|| < r(t) for a.e. t G [a,b] , 
then we have the inequality 

(4.49) / /(O^^ <^J^r^{t)dt. 

The equality holds in i4-4d\) if and only if 

f \\f{t)\\dt>^ f r^it)dt 

J a ^ J a 

and 

J f{t)dt=(^J ||/(0IM^-^y r'^it)dt^e. 
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Proof. The condition 114.4811 is obviously equivalent to 
11/(Of + 1 < 2Re(/ (0,e) (t) 

for a.e. t S [a, b]. 

Using the elementary inequality 

2||/(0ll<ll/(0f+ 1, tG[a,b], 

we deduce 

ll/(0li -Re(/(0,e) < (t) 

for a.e. t S [a, b]. 

Applying Theorem 1^ for k {t) := (t), t G [a,b], we deduce the desired 

result. I 


Finally, we may state and prove the following result as well |^. 

Corollary 40. If f G L ([a, b] ; H), e G H, ||e|| = 1 and M, m : [a, b] —>■ [0, oo) 
with M > m a.e. on [a, 6], are such that G L [a, 6] and either 


(4.50) 




S \ w it) - tnit)] 


or, equivalently, 

(4.51) Re {M {t)e — f {t), f (t) — m (t) e) > 0 

for a.e. t G [a,b ], then we have the inequality 

The equality holds in U-5‘41 if and only if 

I \\fmdt> 

J a 

and 


dt. 


^ 1 f^[M it) - m {t)f 


M (t) +m (t) 


dt 


f fit)dt=i j \\f[t)\\dt-\j 

J a \J a ^ J a 


1 [M (t) - TO (t)]^ 


M (t) + m (t) 


■dt e. 


Proof. The condition 114. 5011 is equivalent to 


ii/(oir 


2 f M (t) + m{t) 


< 2 


M (t) +m (0 


Re (/ (0 , e) + - [M (t) - TO {t)Y 


for a.e. t G [a, b], and since 
' M (t) +m (t) 


hence 


/(oi!<ii/(oir 


11/(011-Re (/(0,e)< 


2 f M (t) + m (0 


t G [a, 6] 


1 [M (t) — TO {t)Y 
4 M (t) + m (t) 


for a.e. t G [a, b]. 
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Now, applying Theorem 1^51 for k{t) := j ^ ^ we deduce the 

desired inequality. | 


4.3.2. Additive Reverses for Orthonormal Families. The following re¬ 
verse of the continuous triangle inequality for vector valued integrals holds [^. 

Theorem 60 (Dragomir, 2004). Let f G L {[a,b]] H), where H is a Hilbert 
space over the real or complex number field K, an orthonormal family 

in H and Mi S L [a, 6], i € {1,..., n} . If we assume that 

(4.53) ||/(t)||-Re(/(t),ei) < Mi(t) for a.e. t G [a,b], 
then we have the inequality 

] H ^ n 

(4.54) 



.b 

/ ||/(t)|jdt<^ 

Ja 

/ / (0 
a 


-I pO 

” i=i 


The equality holds in if and only if 


1 ?!• pi) 

\\f{t)\\dt>-'^ M,{t)dt 

i=l 


(4.55) 

and 


(4.56) / f{t)dt=i \\f{t)\\dt--'^ M,{t)dt\'^ei. 

V°- i=i / i=i 

Prooe. If we integrate the inequality H4.53|l on [a,b], we get 
[ \\f {t)\\dt <Re/ [ f{t)dt,e\+ f Mi{t)dt 

J a \J a j ^ a 

for each i G {1,..., n} . Summing these inequalities over i from 1 to n, we deduce 

pb -I / pb \ ^ n pi) 

(4.57) / ||/(t)||dt<-Re( / f{t)dt, M, (t) dt. 

do- ” ya i^i / 

By Schwarz’s inequality for f ft) dt and Efci we have 


(4.58) 


f{t)dt,Y2e^j 

j pb n 

Re/ / f{t)dt,'^i 


< 


< 


2=1 


< 


/ (0 dt, ( 


2=1 


/ (0 dt 


E' 


/ (0 dt 


Since 


E 


Ci 




E 


e^ 


A E 
\ 


Making use of and H4.58|l . we deduce the desired inequality H4.54|l . 
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If (14.5511 and hold, then 


/ {t) dt 


I 1 TL pi) 

\\f{t)\\dt -/ M,{t)dt 

^ „_i Ja 


n 


2=1 


\f{t)\\dt - Y M,{t)dt 

” i=i 


and the equality in 114.5411 holds true. 

Conversely, if the equality holds in H4.54II . then, obviously, 114.5511 is valid. 

Taking into account the argument presented above for the previous result H4.54II . 
it is obvious that, if the equality holds in 14.5411 . then it must hold in (14.5511 for a.e. 
t G [a, b] and for each i G {1,..., n} and also the equality must hold in any of the 
inequalities in 

It is well known that in Schwarz’s inequality Re {u,v) < ||u|| ||?;|| , the equality 
occurs if and only if m = Au with A > 0, consequently, the equality holds in all 
inequalities from (loa simultaneously iff there exists a /r > 0 with 


(4.59) ^Yei= / f{t)dt. 

i=i 

If we integrate the equality in (14.5511 and sum over i, we deduce 

j.b ! i-b n \ n .b 

(4.60) n f {t)dt = Re( f (t) dt, M, (t) dt. 

Ja \Ja Ja 

Replacing f (t) dt from 114.5911 into innnii . we deduce 
pb n n „b 

(4.61) n f {t)dt = Ee* +E / Mi {t) dt 

do- i=i da 

n 


= fin + 'Y^ / (d) dt. 

i=l da 


Finally, we note that (14.5911 and inimi will produce the required identity 114. 5611 . 
and the proof is complete. | 


The following corollaries may be of interest for applications [^. 

Corollary 41. Let f G L ([a, b ]; H ), {ei}i^^i „j. an orthonormal family in 
H and Pj G (0,1) , z G {1, ..., n} such that 


(4.62) 


11/ {t) - Bill < p, for a.e. t G [a, b]. 
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Then we have the inequalities: 


(4.63) f \\fi^t)\\dt<^ ff{t)dt 

Ja Vn Ja 


Re( / f{t)dt,-J2 


/ fi't)dt 


pi 


v^(i + v^) 


■E 


1 pi (i + pi) 


The equality holds in the first inequality in j4 ■ if and only if 

pb j pb 1 

/ \\f{t)\\dt>Re( f{t)dt,-'^^ 

Ja \Ja ri 


pi 


and 


f {t) dt 


\/i “ pi (i + pi) 


ei 


pb j pb 1 

J \\f {t)\\dt-Reij /(i)*, “E 


\/i “ pi (i + \/i “ pi) 


ei 


E' 


Proof. As in the proof of Corollary|23 the assumption implies 


||/(t)|| -Re(/(t),ei) < 


\/i “ pi (Vi - pi +1) 


Re (/ (t), ef) 


for a.e. t G [a, b] and for each i G {1,..., n} . 
Now, if we apply Theorem 1601 for 


M, (<) := 


pi Re (/ ft) , ei) 


- pi (Vi “ pi +1) 


, i G {1,..., n} , t G [a, 6] 


we deduce the first inequality in igSSli- 
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By Schwarz’s inequality in H, we have 

/ .6 . n 

Re( / f{t)dt,-Y, 


Pi 


V^- pi (l + V'l-Pi) 


< 


/ (t) dt 


f (t) dt 


ly-_P|_ 


E 

2=1 


n 2\ 2 




v'l-P? (l + ^1 - pf) 


which implies the second inequality in (lOa . I 
The second result is incorporated in |3|: 

Corollary 42. Let f & L ([a, h \; H ), an orthonormal family ir, 

H and Mi > mi > 0 such that either 


(4.64) 

or, equivalently, 


Re {Mid - f {t),f (t) - mid) > 0 


Mi + mi 

f [t) --Si 


< - (Mj - mi) 


for a.e. t G [a, b] and each i G {1,..., n} . Then we have 
(4.65) 



rb 

/ \\fit)\\dt< — 

la 

/ / (f) dt 

J a 




n 2^/miMi 


< 


f (t) dt 


^ ^ / 1 (V Mi — -i/rui) 


4\ 1“' 


i=l 


4miMi 


The equality holds in the first inequality in if and only if 


1/(i)|| dt > Ite (/ /«) dt. i ± “i 


and 


f (t) dt 


' rudidt-Kjrfmt.itiT^y 

\^J a ^ 2 "^^TTliAIi 


ei 


X 


2=1 
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Proof. As in the proof of Corollary|2Hl from 114.6411 . we have 

11/(011 -R-e(/(0:ei) < 

for a.e. t G [a, b] and i G {1, ..., n} . 

Applying Theorem 1601 for 

M, (t) := j^g ^ ^ t G [a, 6], i e {1,..., n} , 

2y/miA4i 

we deduce the desired result. | 

In a different direction, we may state the following result as well [^. 

Corollary 43. Let f G L ([a, b ]; H) , an orthonormal family in 

H and ri G L'^ {[a, b]) , i G {1,..., n} such that 

11/ (t) — Bill < ri [f) for a.e. t G [a, b] and i G {1,..., n} . 

Then we have the inequality 


(4.66) 


11/(011 dt < 


f (0 dt 




2=1 


The equality holds in 14 -db}) if and only if 


and 


J'\\fmdt>^^y\nt)dtj 

pb pb 1 ^ /*^ ^ 

/ f{t)dt= / \\f {t)\\dt-r1[t)dt 
Ja Ja ^ i—l \d ^ > 




i=l 


(4.67) 


Proof. As in the proof of Corollary 1391 from (loa . we deduce that 

1 


11/(011 -R-e(/(0>ei) < (t) 


for a.e. t G [a, 6] and i G {1,..., n} . 

Applying Theorem 1601 for 

(0 := (t), t G [a,b], iG n}, 

we get the desired result. | 

Finally, the following result holds |^. 

Corollary 44. Let f G L ([a, b ]; H ), {ei}^^^^ an orthonormal family in 

H, Mi,mi : [a,5] ^ [0,oo) with Mi > mi a.e. on [a,5] and G L[a,b\, 

and either 

(4.68) / (t) - < 1 [M, (t) - m, (t)]^ 


or, equivalently, 


Re {Mi (t) Ci- f{t),f (t) - mi (t) a) > 0 
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for a.e. t G [a, b] and any i G {1,..., n}, then we have the inequality 


(4.69) r\\f{t)\\dt<^ 

Ja Vn 


f (t) dt 


n 

+ :r-E 

An ^ 


■*’ [Mj {t) - rui (t)]" 
^ \Ja M, (t) + m* (t) 


dt . 


The equality holds in U-byjl if and only if 


fb ^ n / 


[Mj (t) - mj {t)Y 

Mi {t) + mi (t) 


dt 


and 


f (t) dt 


^ pb 1 ^ 


[M, (t) - m, {t)Y 

Mi (t) + mi (t) 


dt] Y^e,. 


Proof. As in the proof of Corollary 1401 114. 6811 . implies that 
||/W||-Re(/(,),e.)<i 


for a.e. t G [a, b] and i G {1,..., n} . 
Applying Theorem 1601 for 


M, it) := 


1 [Mi (t) - mi it)Y 


4 Mi it) + mi it) 
we deduce the desired result. I 


4 Mi it) + mi it) 


, tG[a,b], iG{l,...,n}, 


i=l 


4.4. Quadratic Reverses of the Triangle Inequality 
4.4.1. Additive Reverses. The following lemma holds [DI¬ 
LEMMA 7 (Dragomir, 2004). Let f G L([a,6];i7) be such that there exists 
a function k : A C > K., A := {(t, s) |a < t < s < &} with the property that 
k G L (A) and 

(4.70) (0 <) 11/ (t)|| 11/ (s)|| - Re (/ (t), / (s)) < k it, s), 


for a.e. (t, s) G A. Then we have the following quadratic reverse of the continuous 
triangle inequality: 


(4.71) 


ll/(i)ll* < 


/ it) dt 




I dtds. 


The case of equality holds in \rm if and only if it holds in 14-70}) for a.e. it, s) G 

A. 
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Proof. We observe that the following identity holds 


(4.72) 


j \\fit)\\dt^ - 


f (t) dt 


f f \\fit)\\\\f{s)\\dtds-lj' f{t)dt,f f{s)ds\ 

J a J a \J a J a / 

/ / \\f{t)\\\\f{s)\\dtds- f f Re {f (t), f {s)) dtds 

Qj J d Qj J d 

t f [11/ WII 11/ (s)ll - Re (/ (t), / (s))] dtds := I. 

J d J d 


Now, observe that for any (t, s) S [a, b] x [a, b], we have 


||/(t)||||/(s)||-Re(/(t),/(s)) 

= II/WII ||/(t)||-Re(/(s),/(t)) 

and thus 

(4.73) ^ [11/ WII 11/ (^)ll - (/ W ’ / (^))] dtds. 

Using the assumption we deduce 

[11/ WII 11/ (s)ll - Re (/ (t ), / (s))] dtds < k {t, s) dtds, 

and, by the identities and we deduce the desired inequality (FnTi . 

The case of equality is obvious and we omit the details. | 


Remark 51. From \rm one may deduce a coarser inequality that can be 
useful in some applications. It is as follows: 


(0<)/ ||/(t)||dt- 


/ {t) dt 


< V2 


A 


k {t, s) dtds 


Remark 52. If the condition is replaced with the following refinement 

of the Schwarz inequality 


(4.74) 


(0<)M/s)<||/(t)|| ||/(s)||-Re(/(t),/(s)) 


for a.e. {t,s) € A, then the following refinement of the quadratic triangle inequality 
is valid 


(4.75) 


J \\fit)\\dt^ > 


> 


f (t) dt 


f (t) dt 


j j k {t, s) dtds 


The equality holds in iff the case of equality holds in if. 14}^ for a.e. (t, s) G A. 


The following result holds |4]. 
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Theorem 61 (Dragomir, 2004). Let / € L ([a, 6]; H) he such that there exists 
M > 1 > m > 0 such that either 

(4.76) Re {Mf (s) - f (t) J (t) - mf (s)) > 0 

or, equivalently, 


(4.77) 




< i (M-m) 11/(s) 


for a.e. {t, s) G A. Then we have the inequality: 


(4.78) (^J\\f{t)\\d^ < 


f (t) dt 


^ 1 (M — to) 


2 „b 


2 M + m 

The case of equality holds in if and only if 

(4.79) 11/ (1)11 11/ (s)|| - Re (/ (1), / (s)) = ] ■ ~ ||/ (s)f 


(s- a) ||/(s)f ds. 


4 M + m 


for a.e. (t, s) G A. 

Proof. Taking the square in BTtIi . we get 




M. 


Il/(s)f 

< 2Re//(I), ^^”^ /(s)\ + i {M-mf ||/(s)f , 


for a.e. (1, s) G A, and obviously, since 

A/f TUI \ 

'ii/(t)iiii/(s)ii<ii/(t)ir 


M + m 


ll/(5)f , 


we deduce that 
' M + m 


11 /( 01111/(011 


< 2Re( / (I), ^^"^ /(s)\ + i {M-mf ||/(s)f , 


giving the much simpler inequality: 

(4.80) \\f{t)\\\\f{s)\\-Re{f{t),f{s))< 


1 {M — mf 
4 M + m 


ii/(oir 


for a.e. (1, s) G A. 


Applying Lemma [T] for k{t,s) := 


_ 1 


(4.81) (^l\\f{t)\\d?j < 



pb 


/ / (0 dt 

J a 


4 M+m 
2 


11/ ( 5)11 , we deduce 


^ 1 (M — to) 


2 M + m 


IIa 
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with equality if and only if KM holds for a.e. {t, s) € A. 

Since 

ff \\f{s)fds= n r\\f{s)fdt) ds= [\s-a)\\f{s)fds, 

J J A J a \J a / J a 

then by (OTll we deduce the desired result inra . I 

Another result which is similar to the one above is incorporated in the following 
theorem [4]- 

Theorem 62 (Dragomir, 2004). With the assumptions of Theorem \61\ we have 


(4.82) (^J\\f{t)\\d^ - 


f i.t) dt 


< 


M — Jrn 


or, equivalently, 


(4.83) 


'.,.,1 , f M + m \ 


2v^ 


/ (t) dt 


f (t) dt 


The case of equality holds in U-8‘4i or if and only if 

(4.84) 


||/(t)||||/(s)|| = ^^^Re(/(f),/(s)) 


2^/ Mm 

for a.e. {t, s) G A. 

Proof. From H4.76II . we deduce 

11/ it)f + Mm 11/ (s)f < (M + m) Re (/ (f), / (s)) 
for a.e. {t, s) G A. Dividing by y/Mm > 0, we deduce 

11/ (,)f < Re (/ (t), / (s)) 

y/Mm y/Mm 


and, obviously, since 


hence 


2||/(t)|| ||/(s)||<M^ + y]i^||/(,)f 


||/(t)||||/(s)||<^^^Re(/(t),/(s)) 


V Mm 


for a.e. (t, s) G A, giving 

||/(t)|| ||/(s)||-Re(/(t),/(s))< 


M — Jm 


2vMto 


■Re(/(<),/(s)). 
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Applying Lemma [7| for k {t, s) := R-e (/ (0 : / (s)); deduce 


(4-85) |l/(f)||df^ < 


On the other hand, since 


/ {t) dt 


+ 


M- 


2^/Mm 


■ Re (/ (t), f (s)). 


Re (/ (t), f (s)) = Re (/ (s), / (t)) for any {t, s) G [a, bf , 


hence 


yy Re (/ (t) , / (s)) dtds = ^ y y Re (/ (t), / (s)) dids 

' ) /.fc \ 

/ (0 dt, / / (s) ds 

a t 




/ (i) dt 


and thus, from EUl), we get lIT^ . _ 

The equivalence between and is obvious and we omit the details. | 

4.4.2. Related Results. The following result also holds |3]. 

Theorem 63 (Dragomir, 2004). Let f G L ([a, b ]; H) and 7 , T gR be such that 
either 


(4.86) 

or, equivalently, 

(4.87) 


Re(r/(s)-/(t),/(t)- 7 /(s)) >0 




< 2ir-7lll/(s)|| 


for a.e. {t, s) G A. Then we have the inequality: 


(4.88) 


y [{b-s) + -fT{s-a)]\\f{s)fds<^-^ j f{s)ds 


The case of equality holds in i4-dd\ ) if and only if the case of equality holds in either 
i4-db'i ) or for a.e. {t, s) G A. 

Proof. The inequality 14.8611 is obviously equivalent to 

(4.89) 11/ (t)f + yP 11/ (s)f < (T + 7 ) Re (/ (t ), / (s)) 
for a.e. {t, s) G A. 

Integrating on A, we deduce 

(4.90) y ^y ||/(t)f d^ ds + yPy (^llf(s)fj d?jds 


= (r + 7)y ^y Re{f{t),f{s))dt^ds. 
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It is easy to see, on integrating by parts, that 

l-b 


and 


Since 


jL 

ds 


^'\\fit)fdt)ds = sr\\f{t)fdt -[ s||/(s)fds 

CL / J d d (db 

= b [ \\f{s)fds-j' s||/(s)fds 
J d J d 

= [ {b-s)\\f{s)fds 
J d 

/7ll/(s)f rdt)ds= [\s-a)\\f{s)fds. 

J d \ J d / J d 

f{t)dt, f f{t)dt 
Ja / 


/ {t) dt 


_d 

ds 


hence 


= 2Re<^/ f {t) dt, f (s)^ , 


ds 


f (t) dt 


f {t) dt 


ds 


Utilising (lonii . we deduce the desired inequality KM . 

The case of equality is obvious and we omit the details. | 

Remark 53. Consider the function (p (s) := (6 — s) + qT (s — o), s G [a, b]. 
Obviously, 

<p (s) = (r-j — 1) s + b — qTa. 

Observe that, i/Tq > 1, then 

b — a = (fi (a) < If (s) < if (b) = jT {b — a), s G [a, b] 
and, i/Tq < 1, then 

jT {b — a) < (p (s) < b — a, s G [a, b]. 

Taking into account the above remark, we may state the following corollary |1| . 

Corollary 45. Assume that /, q,r are as in Theorem AthA 
a) //Tq > 1, then we have the inequality 


(.b-a)!' ||/(s)fds< 

J d 


r + q 


/ (s) ds 


2 
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b) // 0 < r 7 < 1, then we have the inequality 

jr{b-a)J |l/(s)f ds < J f{s)ds 


4.5. Refinements for Complex Spaces 

4.5.1. The Case of a Unit Vector. The following result holds |51- 

Theorem 64 (Dragomir, 2004). Let (id; (•,•)) be a complex Hilbert space. If 
f G L {[a, b] ] H) is such that there exists ki,k 2 > 0 with 

(4.91) ||/(<)|1 < Re(/(t) ,e), k 2 \\f {t)\\ <lin{f (t) ,e} 
for a.e. t G [a, 5], where e G H, ||e|| = 1, is given, then 

(4.92) \jkl + kl f \\f{t)\\dt< j f{t)dt 

J a J a 

The case of equality holds in if and only if 

(4.93) J f {t) dt = {ki + ik 2 ) ||/(t)|| e. 

Proof. Using the Schwarz inequality ||m|| ||u|| > |(u,u)|, u,v G H; in the 
complex Hilbert space (id; (•, •)), we have 

2 

I l|2 


(4.94) 


pb 

2 

pb 

/ / (0 dt 

J a 


/ / (0 dt 

J a 


> 


/ (i) dt, e 


if (t), e) dt 


J Re (/ (t) ,e)dt + i Im (/ (t ), e) dt 

Re (/ (t), e) dt^ '*' (/ 


Now, on integrating 14. Dill . we deduce 


(4.95) 


ki [ \\f{t)\\dt< ( Re{f (t) ,e)dt, 

\\f{t)\\dt< j Im (/(i), e) dt 
J a J a 


implying 

(4.96) ij Re{f (t) ,e)dt\ 11/(Oil 


and 

(4.97) 


f Im (/(t), e) dt^ >kl( f 11/(01^^ 

. J a } \ J a > 
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If we add and KWili and use (gmi), we deduce the desired inequality |jl221). 

Further, if holds, then obviously 


/ (t) dt 


= \ki+ik2\^J \\f{t)\\dt 


= ^ k? + fc? 


11/WII dt, 


and the equality case holds in (lO^ . 

Before we prove the reverse implication, let us observe that, for x £ H and 
e G H, ||e|| = 1, the following identity is valid 


\x- (T,e)ef = ||xf - |(a;,e)|^ 


therefore ||a;|| = |(ai,e)| if and only if a; = {x,e) e. 

If we assume that equality holds in 622), then the case of equality must hold 
in all the inequalities required in the argument used to prove the inequality 
Therefore, we must have 


(4.98) 

and 

(4.99) 


/ (t) dt 


f (t) dt, e 


*1 11/(Oil = Re (/(t), e), A:2||/(0II = Im (/(t), e) 


for a.e. t G [a, b]. 

From KM we deduce 


(4.100) 


/ f{t)dt=/f f (t) dt, 

J a a 


e )e, 


and from llHM . by multiplying the second equality with i, the imaginary unit, and 
integrating both equations on [a, b] , we deduce 


(4.101) 


{ki+ik2)J \\f{t)\\dt=(^J f{t)dt,e^. 


Finally, by 114.1 OOll and 114.10111 . we deduce the desired equality g22. I 
The following corollary is of interest |51 ■ 

Corollary 46. Let e be a unit vector in the complex Hilbert space {H; (•, •)) 
and r]i,r ]2 G (0,1) . If f G L ([a, b]; H) is such that 

(4-102) 11/ {t) - e|| < ryi, ||/ (t) - ie\\ < 

for a.e. t G [a,b], then we have the inequality 

(4.103) ^2-pl-r]l f ||/(0||dt< f f (t) dt 

^ a J a 

The case of equality holds in mm if and only if 

(4.104) J f{t)dt=(^^Jl-r]l+i,Jl- f J \\f{t)\\dt\e. 
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Proof. From the first inequality in 14.10211 we deduce, by taking the square, 

that 

ll/Wf+ <2Re(/ (t),e), 

implying 

2 Re(/ (t),e) 


+ \/l “ ’fii 

hence, by 14.10511 and Ijd. 10611 we get 

(4.107) 0< 0^||/(<)|| <Re(/(t),e) 

for a.e. t S [a, 6]. 

From the second inequality in 14.10211 we deduce 


0 < 11/ (Oil < R-e (/ (0 : *e) 


for a.e. t G 

[a, b]. Since 


Re (/ (0 , ie) = Im (/ (<), e) 

hence 


(4.108) 

0< ^" 1 - 17111/(011 <lni(/(0,e) 

for a.e. t G 

[a, b]. 


Now, observe from (OTlTt and 14.108II . that the condition dOTll of Theorem 
El is satisfied for ki = — r]\, /c 2 = -^/l — 77 I G (0,1), and thus the corollary is 

proved. | 

The following corollary may be stated as well |5] ■ 

Corollary 47. Let e be a unit vector in the complex Hilbert space {H; (•, •)) 
and Ml > mi > 0, M 2 > m 2 >0. If f G L ([a, 5] ]H) is such that either 

(4.109) Re (Mie — f {t), f (t) — mic) > 0, 

Re {M 2 ie — f {t), f (t) — m 2 ie) > 0 


(4.105) 

for a.e. t G [a, 6]. 
Since, obviously 

(4.106) 


11/(Of 


2 11/(Oil < 




ll/(0f 


or, equivalently, 


j, Ml + mi 

fit) - 

/(O --*e 


< ) (M. 

< ) {Ml 


mi ), 
m2) , 


(4.110) 
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for a.e. t G [a, 5], then we have the inequality 
miMi m2M2 


(4.111) 2 


(Mi+toi)^ (M2 + m2)^ 


2 pb 


\f(t)\\ dt 


< 


The equality holds in UJm if and only if 

/ \/ iirt 

+ i 


(4.112) [ f {t)dt = 2{^pdEL 


VTO 2 M 2 \ 
mi ' ~ M2 + m2 J 

Proof. From the first inequality in 14.10911 . we get 


/ {t) dt 


/(Oil dt e. 


||/(t)|| +miMi < (Ml +mi)Re(/ (t), e) 


implying 

(4.113) 




for a.e. t S [a, 6]. 
Since, obviously, 

(4.114) 


2 11/(Oil < 


I/I 


yfmiMi 


i/miMi, 


hence, by Kim and 14.11411 
(4.115) 0 < 


11/(011 < Re(/(0,e) 


Ml + mi 

for a.e. t G [a, b]. 

Using the same argument as in the proof of Corollary^HI we deduce the desired 
inequality. We omit the details. | 

4.5.2. The Case of Orthonormal Vectors. The following result holds |5|. 

Theorem 65 (Dragomir, 2004). Let {ei,...,en} be a family of orthonormal 
vectors in the complex Hilbert space {H; {■,■)). If kj,hj > 0, j G {l,...,n} and 
f G L ([a, b] ; H) are such that 

(4.116) kjWf {t)\\ <Re{f (t) ,ej), hj \\f {t)\\ <lm {f {t) ,ej) 

for each j G {1,..., n} and a.e. t G [a, b ], then 


n 

" /-fc 

pb 

EW+d) 

/ ll/(0ll*< 

/ f{t)dt 

i=i 

J a 

J a 


(4.117) 

The case of equality holds in if and only if 








































4.5. REFINEMENTS FOR COMPLEX SPACES 


155 


Proof. Before we prove the theorem, let us recall that, if a; G i? and ei,..., 
are orthonormal vectors, then the following identity holds true: 


( 4 . 119 ) 


n 

i=i 


2 


i=i 


As a consequence of this identity, we have the Bessel inequality 


( 4 . 120 ) 


X < Ikf G 

1=1 


in which, the case of equality holds if and only if 


( 4 . 121 ) x = ^{x,ej)ej. 

1=1 


Now, applying Bessel’s inequality for x 


f (t) dt, we have successively 


( 4 . 122 ) 


/ (t) dt 


2 



/ (t) dt, ej 


2 



(/ {t),ej)dt 


2 
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n 

= E 

i=i 


pb / pb N 

/ ^e{f{t),ej)dt + ii Im {f {t) ,ej) dt 

^ a \J a j 

J {f (t), ej) d^ + lm{f{t),ej)d^ 


Integrating I4.11t)ll on [a, 6], we get 

pb 

(4.123) 
and 

(4.124) 


pO pO 

I Re{f{t),ej)dt>kj ||/(t)||dt 

a J a 

f Im (/ (t), ej) dt > hj f \\f (t)|| dt 
a J a 


for each j G {1,..., n} . 

Squaring and adding the above two inequalities 14.123|l and 6121, we deduce 


E 

i=i 


J Re{f {t) ,ej)d?j +^y Im {f{t),ej)d?j 

>E(^f(y ii/wi!dtj, 


which combined with itrrm will produce the desired inequality (I4.117|l . 
Now, if 14.11811 holds true, then 


/ {t) dt 


/ WII dt 


\fit)\\dt 


\fit)\\dt 




i=i 


i=i 


1=1 


and the case of equality holds in (14.11711 . 

Conversely, if the equality holds in mm, then it must hold in all the inequal¬ 
ities used to prove KTm and therefore we must have 


(4.125) 


/ (t) dt 


= E 

1=1 


/ (t) dt, ej 


and 

(4.126) kjWf {t)\\ =Re{f (t) ,ej) and hj\\f {t)\\ = Re {f (t) ,ej) 

for each j G {1,..., n} and a.e. t G [a, b]. 
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From 14. 12511 ■ on using the identity 14.121II . we deduce that 
(4.127) 


n ! „b \ 

/ = f{t)dt,ej)ej. 

Ja \Ja ! 


Now, multiplying the second equality in 14.12611 with the imaginary unit i, inte¬ 
grating both inequalities on [a, b] and summing them up, we get 

(4.128) {kj+ihj)J \\f{t)\\dt=(^J f{t)dt,e^ 

for each j G {1,..., n} . 

Finally, utilising KTm and 14.12811 . we deduce 14.11811 and the theorem is 
proved. | 

The following corollaries are of interest |5] • 

Corollary 48. Let ei,..., be orthonormal vectors in the complex Hilbert 
space (H; (•, •)) and p^., G (0,1), k G {1,..., n} . If f G L ([a, 6]; H) is such that 

\\f {t) - etW < Pk, \\f{t)-iek\\<fik 

for each k G {1,..., n} and for a.e. t G [a, b] , then we have the inequality 


(4.129) 


vl) 


.k^l 


2 nb 


\\f{t)\\dt< 


f (t) dt 


The case of equality holds in mm if and only if 


(4.130) 


/ {t) dt 


/ fe=i ^ 


■ 


The proof follows by Theorem EHl ^md is similar to the one from Corollary 
We omit the details. 

Next, the following result may be stated 0: 

Corollary 49. Let ei,...,em be as in Corollary \4ti\ and Mk > mk > 0, 
Nk > Rfe > 0, A: G {1, ..., n} . If f G L ([a, b ]; H) is such that either 

Re (MfcCfe - / (t), / ft) - mkCk) > 0, 

Re {Nkiek - f ft), f ft) - Ukick) > 0 


fit) 

fit) 


Mk + mk 
2 

Nk+nk . 


< ^ iMk - mk ), 

< ^ iNk - nk) 


or, equivalently, 
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for each k G {1,... ,n} and a.e. t € [a, b ], then we have the inequality 


(4.131) 2\Y, 


,fc=i 


irikMk 


ntNk 


(Mfe + mkf {Nk + Ukf 


2 rb 


11/WII dt 


< 


f {t) dt 


The case of equality holds in if and only if 


(4.132) [' f{t)dt = 2[ f\\f{t)\\dt 

J a \ J a t 


/ V nikMk ^ ^ V rikNk \ 
^\Mk+mk ^Nk+Uk) 


k=l 




The proof employs Theorem 1^31 and is similar to the one in Corollary We 
omit the details. 

4.6. Applications for Complex-Valued Functions 

The following proposition holds [2]- 

Proposition 48. If f : [a, 6] ^ C js a Lebesgue integrable function with the 
property that there exists a constant K > 1 such that 

(4.133) !/(<)! < K[aRef{t) +/3Im/(t)] 

for a.e. t € [a, b ], where a, /3 G R, +/3 = 1 are given, then we have the following 
reverse of the continuous triangle inequality: 


(4.134) 


\f {t)\dt < K 


f (t) dt 


The case of equality holds in if and only if 

J f{t)dt=-^{a + iP)J \f{t)\dt. 

The proof is obvious by Theorem 1571 and we omit the details. 

Remark 54. If in the above Proposition \4S\ we choose a = 1, /3 = 0, then the 
condition mu for Re / (t) > 0 is equivalent to 


[Ref{tf + [lmf{t)f<K^ [Re f {t)Y 


or with the inequality: 

Now, if we assume that 
(4.135) 

then, for Re / (t) > 0, 


|Im/(t)| 


< \/A2 - 1. 


Re / (t) 
|arg/(t)|<0, 6 e 


|tan [arg/ (t)]| = < tan 6, 
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and if we choose K = > 1, then 

COS 6 ’ 

\/ — 1 = tan0, 


and by Proposition \4f^ we deduce 

j-b 

(4.136) 


COS0 f 1/ (i)| dt < 

J a 


f {t) dt 


which is exactly the Karamata inequality 14-^ from the Introduction. 


Obviously, the result from Pronositinu I48l is more comprehensive since for other 
values of (a, /3) G with + /3^ = 1 we can get different sufficient conditions for 
the function / such that the inequality (14.13411 holds true. 

A different sufficient condition in terms of complex disks is incorporated in the 
following proposition | 2 ]. 


Proposition 49. Let e = a + ij3 with +/3^ = 1, r G (0,1) and f : [o, 6] ^ C 
a Lebesgue integrable function such that 

(4.137) f (t) G D (e, r) := {z G C| \z — e\ < r} for a.e. t € [a, b]. 


Then we have the inequality 

(4.138) \/l-r^ f \f{t)\dt< f f{t)dt 

J a J a 

The case of equality holds in if and only if 

( / (t) dt = \/l - (a + iP) j \f {t)\dt. 

J a J a 

The proof follows by Corollary |2S1 and we omit the details. 

Further, we may state the following proposition as well |2j- 

Proposition 50. Let e = a + ifl with + /3^ = 1 and M > m > 0. If 
f : [a, 6] —> C is such that 


(4.139) Re 
or, equivalently, 

(4.140) 


(Me-fit)) [fit) — me^j > 0 for a.e. t G [a, b ], 


M + m 

fit) -^-e 


< - (M — m) for a.e. t G [a, b] 


then we have the inequality 


(4.141) 


M + m Ja 


\fit)\dt < 


f it) dt 


or, equivalently. 



pb 

rb 

(4.142) 

(0<)/ |/(t)|dt- 

/ / it) dt 


a 

/ s 2 

J a 


{\/M— \/m\ 

pb 


M + m 

/ / it) dt 

J a 
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The equality holds in rrm (or in the second part of if and only if 

The proof follows by Corollary 1341 and we omit the details. 

Remark 55. Since 


Me- f (t) = Ma -Ref{t)+i [M(3 - lmf{t)], 
f (f) — me = Re / (t) — ma — i [Im / (t) — mf3] 


hence 


(4.143) Re 


— me 


(Me- f{t)) (^f{t) 

= [Ma — Re / (t)] [Re / (t) — ma] 

+ [M/3 — Im / (t)[ [Im / (t) — m/3]. 


It is obvious that, if 


(4.144) ma < Re / (t) < Ma for a.e. t S [a,b], 
and 

(4.145) m/3 < Im/(t) < M/3 for a.e. t€[a,b], 


then, by 


Re 


[Me- f{t)) (^f (t) - me) 


> 0 


for a.e. t G [a, 5], 


and then either mm or mm hold true. 

We observe that the conditions (14.14411 and (14.14511 are very easy to verify in 
practice and may be useful in various applications where reverses of the continuous 
triangle inequality are required. 


Remark 56. Similar results may be stated for functions f : [a, 5] ^ M" or 
f : [a, b] H, with H particular instances of Hilbert spaces of significance in 
applications, but we leave them to the interested reader. 


Let e = a + //3 (a, /3 G M) be a complex number with the property that |e| = 1, 
i.e., a^ + /3^ = 1. The following proposition concerning a reverse of the continuous 
triangle inequality for complex-valued functions may be stated [31: 

Proposition 51. Let / : [a, 6] ^ C &e a Lebesgue integrable function with the 
property that there exists a constant p G (0,1) such that 


(4.146) 


1 / (t) -ej < p for a.e. t G [a,b] 

























4.6. APPLICATIONS FOR COMPLEX-VALUED FUNCTIONS 


161 


where e has been defined above. Then we have the following reverse of the continuous 
triangle inequality 


(4.147) {()<) f \f{t)\dt- ( 

J a J a 


f {t) dt 


< 


(l + 

pb pb 

a Ref{t)dt + f3 Im / (t) dt 
J a J a 


The proof follows by Corollary|27| and the details are omitted. 

On the other hand, the following result is perhaps more useful for applications 

m 

Proposition 52. Assume that f and e are as in Provosition \51\ If there exists 
the constants M > m > 0 such that either 


Re 


M + m 

f (O-;;—e 


(4.148) 

or, equivalently, 

(4.149) 

for a.e. t G [a,b ], holds, then 

(4.150) i0<) [ \fit)\dt- 

J a 


(Me-/(t))(/(t) 


> 0 


< - (M - m) 


/ {t) dt 


< 


M - 


2V Mm 


pb pb 

a Ref{t)dt + f3 Imf (t) dt 

J a J a 


The proof may be done on utilising Corollary 1381 but we omit the details 
Subsequently, on making use of Corollary^UI one may state the following result 
as well |n|: 


Proposition 53. Let f be as in Provosition \51\ and the measurable functions 
K, k : [a, 6] ^ [0,oo) with the property that 


{K-kY 

K + k 


e L [a, 6] 


and 

ak ft) < Re / (t) < aK ft) and flk ft) < Im / ft) < fiK (t) 
for a.e. t G [a, b ], where a, (3 are assumed to be positive and satisfying the condition 
+ f3 =1. Then the following reverse of the continuous triangle inequality is 
valid: 


( 0 <) 


\f{t)\dt 


f {t) dt 


1 [Kft)-kft)l 
-4^ Kit) + kit) 
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The constant j is best possible in the sense that it cannot be replaced by a smaller 
quantity. 


Remark 57. One may realise that similar results can be stated if the Corollaries 
obtained above are used. For the sake of brevity, we do not mention them 

here. 


Let / : [a, 6] ^ C be a Lebesgue integrable function and M > 1 > m > 0. The 
condition lUTHll from Theorem EH which plays a fundamental role in the results 
obtained above, can be translated in this case as 


(4.151) 


Re 


[Mf (s) - / (t)) {j {t) - mf (s)) 


> 0 


for a.e. a < t < s < b. 
Since, obviously 


Re 


{Mf (s) - f {t)) (/ (t) - mf (s)) 

= [{M Re / (s) - Ref {t)) (Re / (t) - to Re / (s))] 
+ [(MIm/(s) -Im/(t))(Im/(t) 


hence a sufficient condition for the inequality in 14.15111 to hold is 


TOlm/(s))] 


(4.152) toRo/( s) < Re/(t) < MRe/(s) 

and 

TO Im / (s) < Im f {t) < Mlmf (s) 

for a.e. a < t < s < b. 

Utilising Theorems Eniin3 and M we may state the following results incorpo¬ 
rating quadratic reverses of the continuous triangle inequality |4] : 


Proposition 54. With the above assumptions for /, M and to, and if 
holds true, then we have the inequalities 


^ pb \ pb 

/ \fit)\dt\ < / f{t)dt 

vJ a J J a 


^ 1 {M — to) 


2 M + m 


-f (s-a)\f {s)f ds, 

J a 


\f{t)\dt < ( —j= I 
\2 vMto, 


/ {t) dt 


and 


[ [(b - s) + rnM {s - a)] \f (s)|^ ds < ^ ™ f f (s) ds 

da ^ d a 


Remark 58. One may wonder if there are functions satisfying the condition 
i4.15‘d)) above. It suffices to find examples of real functions (p : [a, 6 ] ^ K verifying 
the following double inequality 


(4.153) 


775(5) < T { t )< ^75(5) 


for some given 7 , T with 0<7<l<r <00 for a.e. a < t < s < b. 
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For this purpose, consider ip : [a, 6] ^ R a differentiable function on {a,b), 
continuous on [a, 6] and with the property that there exists Q > 0 > 9 such that 

(4.154) 9 <ip' (u) < Q for any u G (a, b). 

By Lagrange’s mean value theorem, we have, for any a < t < s < b 

ip{s)-ip (t) = Ip' (0 (s - t) 

with t < ^ < s. Therefore, for a < t < s < b, by we have the inequality 

9 (b — a) < 9 {s — t) < Ip {s) — Ip {t) < Q {s — t) < Q {b — a). 

If we choose the function ip •. [a, 5] ^ R given by 

if ft) := exp [-Ip (<)], te[a,b], 

and 7 := exp [9 (b — a)] < 1, F := exp [0 [b — a)], then \rm holds true for any 
a < t < s < b. 


The following reverse of the continuous triangle inequality for complex-valued 
functions that improves Karamata’s result (gH) holds [5]. 


Proposition 55. Let f & L ([a, 6 ] ;C) with the property that 
(4.155) 0 < < arg/(t) < v ?2 < I 


for a.e. t G [a, 5]. Then we have the inequality 



/- 

nb 

(4.156) 

sir? + cos^ P2 j \fft)\dt< 

J a 

/ / ft) dt 

J a 


The equality holds in if and only if 

pb pb 

(4.157) / / (t) dt = (cos VJ 2 + * sin ) / \f{t)\dt. 

J a J a 


Proof. Let f ft) = Re/(t) +ilmfft). We may assume that Re/(t) > 0, 
Im/(t) > 0, for a.e. t G [a, 5], since, by 14.15511 . = tan[arg/(t)] G [O, §), 

for a.e. t G [a, b]. By 14.15511 . we obviously have 


0 < tan^ ifi < 
for a.e. t G [a, 6 ], from where we get 


Im / [t) 
_Ref{t)_ 


< tarn (/ 32 , 


[Im / (t)] -f [Re / (t)] ^ 1 


[Re/(t)]^ 


cos ‘^ip 2 


for a.e. t G [a, b ], and 


[Im / (t)] -h [Re / (t)f ^1 + tan^ _ 1 


[Im/(t)] tan^i^i sintpR 

for a.e. t G [a, 6 ], giving the simpler inequalities 

\f{t)\ cos P 2 < R-e(/(i)), \f{t)\ sinp^ < Im(/(t)) 


for a.e. t G [a, b]. 

Now, applying Theorem 1641 for the complex Hilbert space C endowed with the 
inner product {z,w) = z ■ w for ki = cos(/ 32 i ^2 = sintp^ and e = 1 , we deduce the 
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desired inequality 14.15611 . The case of equality is also obvious and we omit the 
details. | 

Another result that has an obvious geometrical interpretation is the following 

one [^. 

Proposition 56. Let e G C with \e\ = 1 and Pi,P 2 G (0,1)- If f (t) G 
L ([a, b ]; C) such that 

(4.158) |/(t)-e|<pi, \fit)-ie\<p 2 for a.e. t e [a,b], 

then we have the inequality 


(4.159) 

J 2 - pI- pI [ \f{t)\dt< 

[ f (t) dt 


J a 

J a 


with equality if and only if 

(4.160) J f {t)dt = p\+i^Jl- pI^ J \f{t)\dt-e. 

The proof is obvious by Corollary^Blapplied for = C and we omit the details. 
Remark 59. If we choose e = 1, and for Pi, P 2 G (0,1) we define 
-0(1, Pi) := {z G C| |z- 1| < pi}, D{i,P 2 ) := {z & C\\z - i\ < P 2 }, 
then obviously the intersection domain 

Sp^,p^ :=Z)(l,Pi)nZ)(i,p2) 
is nonempty if and only if Pi + P 2 > 

If f jt ) G Sp^^p^ for a.e. t G [a,b], then holds true. The equality holds 

in if and only if 

J f {t)dt= pl + i^Jl- p2^ J \f{t)\dt. 
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CHAPTER 5 


Reverses of the CBS and Heisenberg Inequalities 


5.1. Introduction 


Assume that (AT; (•, •)) is a Hilbert space over the real or complex number field 
K. li p : [a, 6] C M ^ [0, oo) is a Lebesgue integrable function with p (t) dt = 1, 
then we may consider the space ([a, 6 ]; K) of all functions/ : [a, 6 ] ^ K, that are 
Bochner measurable and p{t) \\f (t)\f dt < oo. It is well known that ([a, b] ; K) 
endowed with the inner product (•, •)p defined by 

{f,9)p-= [ p{t){f{t),git))dt 

J a 


and generating the norm 


p{t) 11 /Wf* 


is a Hilbert space over K. 

The following integral inequality is known in the literature as the Cauchy- 
Bunyakovsky-Schwarz (CBS) inequality 


(5.1) / pit)\\fit)fdt p{t)\\g{t)fdt 


> 


pit) if (t),g(t)) dt 


provided f,g G ([a, b]-K). 

The case of equality holds in inm iff there exists a constant A S K such that 
/ (t) = Xg [t) for a.e. t G [a, b] . 

Another version of the (CBS) inequality for one vector-valued and one scalar 
function is incorporated in: 


(5.2) 


p{t)\a{t)\^dt pit)\\f{t)\fdt 


> 


P it) Oi it) f it) dt 


provided a G ([a, 6 ]) and / G ([a, 5]; iG), where ([a, 5]) denotes the Hilbert 
space of scalar functions a for which p(t) \a it) dt < oo. The equality holds in 
(lO) iff there exists a vector e G K such that f (t) = a (t)e for a.e. t G [a, b]. 
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5. CBS AND HEISENBERG INEQUALITIES 


In this chapter some reverses of the inequalities and (|S3 are given under 
various assumptions for the functions involved. Natural applications for the Heisen¬ 
berg inequality for vector-valued functions in Hilbert spaces are also provided. 


5.2. Some Reverse Inequalities 
5.2.1. The General Case. The following result holds |T]. 

Theorem 66 (Dragomir, 2004). Let f,g G L‘^{[a,b]',K) and r > 0 be such 


that 

(5.3) \\f(.t)-gm<r<\\gm 

for a.e. t G [a,b]. Then we have the inequalities: 

(5.4) Q< ( p{t)\\f {t)\\^ dt ( p{t)\\g{t)\\^ dt 

J a ^ a 


pit) if it).git)) dt 


< / pmfit)\?dt / p{t)\\g{t)\fdt 


pit)Re{f {t),g{t))dt 


<r^ f p{t)\\f{t)fdt. 

J a 


The constant C = 1 in front of r^ is best possible in the sense that it cannot be 
replaced by a smaller quantity. 


Proof. We will use the following result obtained in [2j: 

In the inner product space (R; (•,•)), if a;,?/ G H and r > 0 are such that 
Ik -y\\<r< Ikll , then 

(5.5) 0<|kf || 2 /f-|(^, 2 /)|^ 

<\\x\\^\\yf-[Re{x,y)f<r^\\xf. 

The constant c = 1 in front of is best possible in the sense that it cannot be 
replaced by a smaller quantity. 

If (|E3I) holds, true, then 

\\f-9\\l=[ Pit)\\fit)-git)fdt<r^f p{t)dt = r^ 

J a J a 

and 

Il 5 llp=/ Pit)\\git)fdt>r'^j' p{t)dt = r^ 

J a J a 

and thus |!/ — (7||p<r<||5k. Applying the inequality 15.511 for {lI {[a, h\ ]K) ^ , 

we deduce the desired inequality 15.411 . 

If we choose p (t) = / (t) = x, g {t) = y, x,y G K,t G [a, b] , then from 15.411 

we recapture 15.511 for which the constant c = 1 in front of r^ is best possible. | 
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We next point out some general reverse inequalities for the second (CBS) in¬ 
equality lEM Cl 

Theorem 67 (Dragomir, 2004). Let a G Lp([a, 6]), g G ([a, 6]; if) and 
a G K, r > 0 such that ||a|| > r. If the following condition holds 


(5.6) 


\\g (t) - a (t) a\\ <r|a(t)| 


for a.e. t G [a,b ], (note that, if a (t) 0 for a.e. t G [a,b], then the condition h5.b\) 

is equivalent to 


(5.7) 


9{i) 


.{t) 


< r 


for a.e. t G [a^b]), then we have the following inequality 


(5.8) 


< 


< 


p{f)\a{t)y dt j p{t)\\g{f)Y dtj 

: Re / / p(t)a (t) g {t) dt, a 


all^ — 


p (t) a (t) g (t) dt 


(5.9) 0 < ( / p{t)\a{t)\^dt f p{t)\\g{t)fdt 

\a a J a y 

p{f)a{f)g{f)dt 

1 

<([ p{t)\a{t)\^dt f p{t)\\g{t)fdt 
\J a J a j 

- Re / / p{t)a (t) g (t) dt, 


< 


< 


af - r2 ( llall -I- \/||a||^ - 


X Re ( / p{t)a {t) g (t) dt, — 


af - r2 ( llall -h \ \\a\f - 


P (t) a (t) 9 it) dt 
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(5.10) 


p{t)\a{t)\^dt p{t)\\g{t)fdt 


~ \\af-r^ 


llalP - r2 


n 2 


Re ( / pit) a (t) g (t) dt, a 


p {t) a (t) g (t) dt 


and 

(5.11) 


0< f p{t)\a{t)\'^ dt f p{t)\\g{t)fdt 
J a J a 

r*6 

p (t) a {t) g (t) dt 

1 

<[ P{t)\a{t)\^dt f p{t)\\g{t)fdt 
J a J a 

Re( / p{t)a{t)g{t)dt,- 


< 


< 


nail (l|af-r2) 


Re ( / p{t)a (t) g (t) dt, a 


\af-r^ 


p (t) a (t) g (t) dt 


All the inequalities - ITTTl) are sharp. 

Proof. From 15.011 we deduce 

\\g{t)f -2Re{g{t) ,a{t)a) + \a{t)\^ ||af < \a{t)\^r^ 
for a.e. t S [a, b ], which is clearly equivalent to: 

(5.12) \\ 9 {t)f + (||af \a{t)f < 2Re {a (t) g (t), a) 

for a.e. t G [a, b]. 

If we multiply 15.1211 by p{t) > 0 and integrate over t G [a, b], then we deduce 

(5.13) j pit)\\g{t)f dt+(\\af-r^'^ J p{t)\a{t)fdt 


< 2 Re ( / p(t)a{t) g (t) dt, a 
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Now, dividing by V ||o|| — > 0, we get 


(5.14) 


lalp — 


p{t)\\g{t)\\ dt 


yi|af -r2 f p{t)\a(t)f dt 

J a 


< 


: Re' 


p{t)a{t)g{t)dt,a ) . 


a -r^ 


On the other hand, by the elementary inequality 
1 


-p + aq> 2y/pq, a > 0, p,q>0, 


we can state that 


(5.15) 2^J p{t)\a{t)\'^dt-^J p{t)\\g{t)fdt 


< 


pit)\\g{t)\\ dt 


y,2 J a 


p {t) \a (t)l^ dt. 


Making use of 15.1411 and I5.15II . we deduce the first part of 15.811 . 
The second part of 15.811 is obvious by Schwarz’s inequality 


Re(y p{t)a{t)git)dt,a\ < j p{t)a(t)g{t) 


dt 


If p {t) = a {t) = 1, g (t) = X G K, then, from 15.811 we get 

1 


T < 


\a\f - 


: Re (x, a) < 


\a\f - 


provided ||a: — a|| < r < ||a|| , x, a G K. The sharpness of this inequality has been 
shown in [ 2 ], and we omit the details. 

The other inequalities are obvious consequences of (Oil and we omit the de¬ 
tails. I 

5.2.2. Some Particular Cases. It has been shown in [ 2 ] that, for A, a G K 
(K = C,R) and x,y G H, where {H; {■,■)) is an inner product over the real or 
complex number field K, the following inequality holds 


< 


[Re (Ao)] 
1 |yl -I- a 


[Re {Aa)Y‘ 


-\{x,y)\ 


(5.16) 























172 


5. CBS AND HEISENBERG INEQUALITIES 


provided Re (Aa) > 0 and 

(5.17) Re {Ay — x,x — ay) > 0, 

or, equivalently, 


(5.18) 


-A 


X — 




holds. The constant ^ is best possible in (15.161) . 


From 15.1611 . we can deduce the following results 


(5.19) 


and 


0< ||a;|| llyll -Re{x,y) 


< 


< 


Re 


+ a — 2 [Re (Aa)] ^ ^ {x, y) 


[Re (Aa)] 
A + a-2[Re(Aa)]5 


[Re {Aa)Y 


I ( 2 ;, 2/) I 


(5.20) 0<||x||||y||-|(a:,y)| 

< i. I (*,„)! , 

2 [Re(Aa)] = 

If one assumes that A = M, a = m, M > m > 0, then, from 15.161) . 15.191) and 
(1^:^ we deduce the much simpler and more useful results: 

(5.21) ||a:|| llyll < i • ;^=^Re(x,j/), 


(5.22) 
and 

(5.23) 
provided 

or, equivalently 

(5.24) 


0< ||a:|| ||y|| -Re(a:,y) < - 


M- 


0<||t|| ||y||-|(x,y)|<- 


\/Mm 


M — \/rn 


■ Re {x, y) 


2 V Mm 
Re (My — x,x — my) > 0 


l(a;,y)|, 


M + m 

X - ^—y 


< ^{M-m)\\y\\. 


Squaring the second inequality in ISIISl), we can get the following results as well: 
(5.25) 0 < ||a:f ||yf - |(x,y)|^ < J |(x,y)|^ , 


provided iCTTi) or 15.161) holds. Here the constant j is also best possible. 

Using the above inequalities for vectors in inner product spaces, we are able to 
state the following theorem concerning reverses of the (CBS) integral inequality for 
vector-valued functions in Hilbert spaces U. 
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Theorem 68 (Dragomir, 2004). Let f,g € ([a, 6]; X) and 7 ,r G 

Re (r 7 ) > 0. If 

(5.26) Re (r^ (t) -/(<),/ (t) - -fg (t)) > 0 


for a.e. t G [a,b], or, equivalently, 


(5.27) 


/ {t) - • 9 (t) 


< 2ir-7lll5(0ll 


for a.e. t G [a, 5] , then we have the inequalities 


(5.28) 


P{t) 11/(011 dt / p{f) ||g(<)|| dt 


1 

< - 

- 2 


Re 


(r + 7 ) la p (0 (/ (0 ,9 (0) dt 


< 


1 |r + 7l 


[Re(r7)]^ 


[Re(r7)]5 

/ P (t) if (t), 9 (t)) dt 


(5.29) 0< / p{t)\\fit)fdt 


P{t) \\9it)fdt 


< 


1 

< - 

- 2 


- [ p{t)Re{f{t),g{t))dt 

J a 

Re |f + ^-2[Re{T^)Y^ jlp{t){f{t),g{t))dt 


[Re(r7)]^ 


f+ 7-2[Re(r7)]^ 


[Re(r7)] = 


P{t) if (t), 9 (t)) dt 


(5.30) 


0 < / p{t) \\fit)fdt 


pit) \\9it)fdt 


pit) if it), 9 it)) dt 


< 


1 |r + 7 | -2[Re (r 7 )]^ 

2 [Re(r7)]^ 


pit) if it), g it)) dt 


K with 
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and 

(5.31) 


0 < / p(t)\\f{t)fdt / p{t)\\g{t)fdt 


< 1. |r-7r 


4 Re (r 7 ) 


p{t) if (t), g (t)) dt 


pit) if it),git))dt 


The constants ^ and j above are sharp. 

In the case where F, 7 are positive real numbers, the following corollary incor¬ 
porating more convenient reverses for the (CBS) integral inequality, may be stated 

III 

Corollary 50. Let f,g€ ([a, b ]; K) and M > m > 0. If 
(5.32) Re {Mg (t) - f (t), f (t) - mg {t)) > 0 

for a.e. t G [a,b ], or, equivalently, 


(5.33) 


... m + M 

fit) - i^-git) 


<l{M-m)\\g{t)\\ 


for a.e. t G [a,b ], then we have the inequalities 


(5.34) 


pmfit)\?dt pit)\\git)\fdt 


< 


1 M + m 


2 \/rnM 


pit)Re{f (t) ,g{t))dt, 


(5.35) 


0 < 


pit) \\fit)fdt 


pit) \\git)fdt 


- [ Pit)Re{f (t) ,git)) dt 

J a 


< - 


M — Jrn 


'fmM 


p{t)Re{f{t),g{t))dt, 


(5.36) 


0 < 


p{t)\\fit)\\ dt 


pit)\\git)\\ dt 


pit) if it),g it)) dt 


< - 


/ _ N 2 

f VM — ^/rnj 

j-b 

VmM 

/ P it) if it), g it)) dt 

J a 
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and 

(5.37) 


0< / p{t)\\f{t)fdt p{t)\\g{t)fdt 


P{t) if {t),9it))dt 


^ 1 (M — m) 


mM 


pit) if (t),g (t)) dt 


The constants ^ and j above are best possible. 

On utilising the general result of Theorem EH we are able to state a number 
of interesting reverses for the (CBS) inequality in the case when one function takes 
vector-values while the other is a scalar function pQ . 

Theorem 69 (Dragomir, 2004). Let a G L'j, {[a, b]), g G ([a, b] ; K), e G K, 
||e|| = 1, 7,r G K with Re(r7) > 0. If 


(5.38) 


9 it)-a (t) 


< 2 |r- 7 l |a(t)| 


for a.e. t G [a, 5] , or, equivalently 

(5.39) Re (Fa ft) e — g (t) ,g{t) — ja (t) e) > 0 

for a.e. t G [a, b ], (note that, if a (t) 0 for a.e. t G [a, b ], then I5.dd\) is equivalent 

to 


(5.40) 


git) r -h 7 


a (t) 2 

for a.e. t G [o,5], and is equivalent to 




(5.41) 


Re 


/re-£i£,£E-7e\ 

\ a{t)' a (t) / 


> 0 


for a.e. t G [a,b]), then the following reverse inequalities are valid: 


(5.42) 


pit)\a{t)\ dt p{t)\\g{t)fdt 


Re 


< 


(r + 7 ) (la Pit)ot{t)g{t)dt,e 


2[Re(r7)]^ 


|r + 7l 


[Re(r7)]- 


P it) a it) 9 it) dt 
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(5.43) 


(5.44) 


^<([ P(t)\ait)f dt f p (t) \\g {t)f dt 

\ J a J a > 


p (t) a (t) g (t) dt 


<(f Pit)\o:it)\^ dt f p(t)\\git)f dt 

\ J a J a > 


— Re 


r + 7 
|r + 7l 


p{t)a{t)g(t)dt,e 


< 


|r-7r 


2v/ite(r^ (|r + 7| + 

f + 7 / 


X Re 


< 


|r + 7| 

|r-7l' 


2yite(r^ (|r + 7| + 2yite(r^) 


p (t) a (t) g (t) dt, e 

■b 

p (t) a (t) g (t) dt 


p{t)\a{t)\^dt p{t)\\g{t)\fdt 


1 1 
< - 


< 


4 Re(r 7 ) 

1 |r + 7l' 


4 Re (r 7 ) 


Re (r + 7 ) ( / pit) a (t) g (t) dt, e 


P (t) a (t) g (t) dt 



5.2. SOME REVERSE INEQUALITIES 


177 


and 

(5.45) 


0< [ pit)\a{t)f dt f p{t)\\g{t)fdt 

J a J a 


P (t) a (t) g (t) dt 


<[ Pit)\a{t)f dt f p{t)\\g{t)fdt 

J a J a 


Re 


r + 7 
|r + 7l 


n 2 


P (t) a (t) 9 (t) dt, e 


<1 |r-7r 


4 |r + 7rRe(r7) 


Re f (r + 7 ) /y p(t)a (t) g (t) dt, e 


< 


1 |r-7r 


4 Re (r 7 ) 


p{t)a{t)g{t)dt 


The constants ^ and j above are sharp. 

In the particular case of positive constants, the following simpler version of the 
above inequalities may be stated. 

Corollary 51. Let a G ([a, 6]) \ {0} , g G L‘^{[a,b]; K), e G K, \\e\\ = 1 
and M, m G K. with M > m > 0. If 


(5.46) 


g (t) M + m 


\a(t) 2 

for a.e. t € [a, 5], or, equivalently, 




(5.47) Re/jVfe — ^ \ ^ \ — me\ > 0 

^ ^ \ d(t)’d(t) /- 

for a.e. t G [a, 5], then we have 


(5.48) 


< 


p{t) |a(t)| dt / p{t) || 5 (t)|| dt 
J a J 

1 M + m _ 


2 y/Mm 


RelJ p{t)a (t) g (t) dt, e 


^ 1 M + m 
2 y/Mm 


P (f) a (f) 9 (t) dt 
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< 


^<([ f p{t)\\g{t)fdt 

\ J a J a } 

p (t) a (t) g (t) dt 

< Pit)\a{t)f dt J pit)\\g{t)f dt^ 

— Re p{t)a (t) g (t) dt, 

/ _ X 2 

(vM — -y/ro) ! \ 

< — - ^ ( / P{'^)^ (^) 9 (0 dt, e 


2\tMm 


M — a/to 


2vMm 


p{t)a{t)g{t)dt 


0< f pit)\a{t)f dt f pit)\\git)f dt 

J a J a 


< 


< 


1 (M + m)^ 

4 Mm 

1 (M + m)^ 
4 Mm 


Re P (t) a (t) g (t) dt, e 


p (t) a (t) g (t) dt 


0< f p{t)\a{t)f dt f p{t)\\g{t)fdt 

J a J a 

rb 

p (t) a (t) g (t) dt 

I 

<[ P{t)\ait)f dt f p{t)\\g{t)fdt 

J a J a 



— Re 

1 

< - . 

- 4 

(M — m)^ 

Mm 

1 

< - . 

- 4 

(M — m)^ 

Mm 


Re p (t) a (t) g (t) dt, e 


Re P (t) a b) 9 (t) dt, e 


p (t) a (t) g (t) dt 


The constants ^ and j above are sharp. 
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5.2.3. Reverses of the Heisenberg Inequality. It is well known that if 
(R; (•, •)) is a real or complex Hilbert space and / : [a, 6] C M —^H is an absolutely 
continuous vector-valued function, then / is differentiable almost everywhere on 
[a, b] , the derivative /' : [a, b] ^ H is Bochner integrable on [a, b] and 

(5.52) f it) = f f'is)ds for any tG[a,b]. 

J a 

The following theorem provides a version of the Heisenberg inequalities in the 
general setting of Hilbert spaces [J . 

Theorem 70 (Dragomir, 2004). Let Lp [a^b]^ H he an absolutely continuous 
function with the property that b \\(f ib)\\ =a||f/j(a)|l . Then we have the inequality: 

(5.53) \\(p{t)fd?j <4:J f\\(pit)fdt-J \\ip'it)f dt. 

The constant 4 is best possible in the sense that it cannot be replaced by a smaller 
quantity. 


Proof. Integrating by parts, we have successively 

rb 


(5.54) 


11^3 (t) II dt 


= t\\Tit)f -J t^(\\(pit)f'^dt 

= b \\t ib)f - a \\p> (a)f - t-^ {ip (t), ip {t)) dt 

= - [ t [{ip' {t ), p {t)) + {p {f) , p' (t))] dt 

= —2 f t Re {p' (t) ,p{t)) dt 
J a 

= 2 / Re {p' {t ), {-t) p (<)) dt. 

J a 


If we apply the (CBS) integral inequality 


/ Re{g{t),h{t))dt< ( f \\g{t)fdtf \\h{t)fdt 
fa \ J a J a j 


\ 

2 


for g {t) = p' {t) ^ h{t) = —tp {t), t £ [a, b] , then we deduce the desired inequality 
(15.5311 . 

The fact that 4 is the best possible constant in 115.5311 follows from the fact that 
in the (CBS) inequality, the case of equality holds iff g (t) = Xh (t) for a.e. t G [a, b] 
and A a given scalar in K. We omit the details. | 


For details on the classical Heisenberg inequality, see, for instance, |4|. 

The following reverse of the Heisenberg type inequality (15.531) holds H]. 

Theorem 71 (Dragomir, 2004). Assume that p : [a, b] ^ H is as in the 
hypothesis of Theorem \ lUj In addition, if there exists a r > 0 such that 

(5.55) \\p {t) - tp (t)|| < r < \\p (t)|| 
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for a.e. t G [a, 5], then we have the inequalities 
(5.56) 0< / t^\\ip{t)\\^ dt j \y {t)\\^ dt-ji j \\ip{t)\\^ dt 

J a J a ^ a 

<r^ f t^\W{t)\\'dt. 

J a 

Proof. We observe, by the identity (|S31, that 

Ke {if'(t), tip (t)) d^ . 

Now, if we apply Theorem EHl for the choices / (t) = t(p (t), g {t) = (p' (t) , and 
P(t) = then by (E3I) and (15.5711 we deduce the desired inequality 15.5611 . I 


(5.57) 




Remark 60. Interchanging the place of tip (t) with ip' (t) in Theorem \71\ we 
also have 

(5.58) 0< / e\\ip{t)\\^ dt j \\ip'(t)\\^ dt-ji [ \\ip{t)\\^ dt 

a a a a ^ \ a a 

<p^ f\\p'{t)fdt, 

J a 

provided 

\\ip' (t) - tip {t)\\ <p<\t\ 11^5 (<)|| 
for a.e. t G [a,b ], where p > 0 is a given positive number. 

The following result also holds pQ. 


Theorem 72 (Dragomir, 2004). Assume that p : [a, b] ^ H is as in the 
hypothesis of Theorem \ 7(J\ In addition, if there exists M > m > 0 such that 

(5.59) Re {Mtp (t) — p' (t ), p' (t) — mtp (t)) > 0 


for a.e. 
(5.60) 


G [a,b], or, equivalently, 

, , . M + m , . 
p (t) --- tp {t) 


< -{M -m)\t\\\p{t)\\ 


for a.e. t G [a,b ], then we have the inequalities 


(5.61) 


and 

(5.62) 


''ewpittdt h\\p'{t)fdt 




I \\t dt \\p'{t)f dt - ^ yj \\pit)fdtj 

1 {M-mf ( 


< — 
- 16 


\\p{t)fdt 


Mm 
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respectively. 

Proof. We use Corollary 1501 for the choices f {t) = {t), g (t) = 

b- 

rb 


p{t) = to get 


wm dt e\w{t)rdt 


< 


{M + mY 
AMm 


Re {(f' (t ), tip (t)) dt 


Since, by 


J Re{p {t),tp{t))d?j =\(^J II^WII 


dt 


hence we deduce the desired result (jSSIl- 

The inequality 15. (1211 follows from 15. bill . and we omit the details. | 

Remark 61. If one is interested in reverses for the Heisenberg inequality for 
scalar valued functions, then all the other inequalities obtained above for one scalar 
function may be applied as well. For the sake of brevity, we do not list them here. 

5.3. Other Reverses 

5.3.1. The General Case. The following result holds |^. 

Theorem 73 (Dragomir, 2004). Let f,g G L^{[a,b];K) and r > 0 be such 

that 

(5-63) \\f(t)-git)\\<r 

for a.e. t G [a,b]. Then we have the inequalities: 


(5.64) 


0 < 


P{t)\\fit)fdt p{t)\\g{t)fdt 


P{t) if it),git))dt 


< 


pit) \\fit)\\ dt / p{t) ||g(t)|l dt 


p{t)Re{f {f),g{t))dt 


< 


p{t)\\f{t)\fdt pm9it)fdt 


- [ pit)Re{f{t),g{t))dt 

J a 


< ^r^. 
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The constant ^ in front of is best possible in the sense that it cannot be replaced 
by a smaller quantity. 


Proof. We will use the following result obtained in |^: 

In the inner product space (i?; (•,•)), ii x,y G H and r > 0 are such that 

Ik ~ y\\ ^ ’’’y then 


(5.65) 0 < Ikll Ikll - |(a;,y)| < |k|| ||y|| - |Re(a;,y)| 

< Ikll ||y|| -Re{x,y) < 


The constant i in front of is best possible in the sense that it cannot be replaced 
by a smaller constant. 

If (I5.6dll holds true, then 


ll/-5llp=/ P{t)\\f{t)- 9 it)fdt<r^f p{t)dt = r^ 

J a J a 


and thus ||/-5 llp < r. 

Applying the inequality (15.6511 for ([a, 5]; AT), (•, , we deduce the desired 

inequality 15.6411 . 

If we choose p (t) = f (t) = x, g (t) = y, x,y G K, t G [a, b ], then from 
we recapture 15.6511 for which the constant ^ in front of r^ is best possible. | 


We next point out some general reverse inequalities for the second CBS in¬ 
equality (1^1^. 


Theorem 74 (Dragomir, 2004). Let a G Lp([a, 6 ]), g G Lp([a, 6 ];Ar) and 
V G K, r > 0. If 


gif) 

a{t) 



< r 


(5.66) 
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for a.e. t G [a,b ], then we have the inequality 

(5.67) Pii)\\9{t)\? dt 

\J a J a j 

P (t) a (t) 9 (t) dt 


< / p{t)\a{t)\^dt p{t)\\g{t)\fdt 


P (t) a (t) g (t) dt, 


< / p{t)\a{t)\^dt / pit)\\git)fdt 


Re( / p{t)a{t)g{t)dt,— 


<{ p{t) \a(t)\^ dt / p{t) \\g{t)\f dt 


- Re ( / p{t)a {f) g (t) dt, — 


< 


1 r 


2 pb 


2 Ibll 


p (t) \a (i)| dt. 


The constant ^ is best possible in the sense that it cannot be replaced by a smaller 
quantity. 

Proof. From 15.6611 we deduce 

||5 it)f - 2 Re (a {t) g {t) ,v) + \a {t)f ||uf < |a it)f 
which is clearly equivalent to 

(5.68) ||5 (t)f + |a {tf ||uf < 2Re (a (t) g (t) ,v)+r^ \a {t)\^ . 

If we multiply 15.6811 by p{t) >0 and integrate over t G [a, b], then we deduce 

(5.69) f p{t)\\g{t)fdt+\\vff p{t)\a{t)fdt 

J a J a 

<2Re/ [ p(t) a (t) g (t) dt,v\ + r'^ f p{t)\a{t)f dt. 
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Since, obviously 


(5.70) 2\\v\\ dt J p{t)\\g d^j 

<[ P{t)\\9it)\\'^dt+\\vf f pit)\a{t)f dt, 

J a J a 


hence, by and (IbTHIl . we deduce 


2||u|| / pit)\a{ttdt / p{t)\\gm^dt 


<2Re/y p (t) a (t) g (t) dt,v\ + J p (t) \a {t)\^ dt, 


which is clearly equivalent with the last inequality in (ESH). 

The other inequalities are obvious and we omit the details. 

Now, if p (t) = a (t) = 1, g {t) = X, x G K, then, by the last inequality in 
(HTHTIl we get 

Ikll M -Re{x,v) < 

provided ||a; —u|| < r, for which we know that (see [2]), the constant ^ is best 
possible. I 


5.3.2. Some Particular Cases of Interest. It has been shown in |5] that, 
for 7 , r G K (K = C or K = K.) with T ^ —7 and x,y G H, {H; (•,•)) is an inner 
product over the real or complex number field K, such that either 


(5.71) 


Re(ry-a:,a;- 7 y) > 0, 


or, equivalently, 
(5.72) 


X — 


7 + r 


<2ir-7l 


holds, then one has the following reverse of Schwarz’s inequality 


(5.73) 


0 < Ikll \\y\\ - \{x,y)\ 


<lkll II2/II 


Re 


< ||a;|| II 2 /II - Re 


r + 7 
.|r + 7 l 
r + 7 
jr + 7 l 


■ {x,y) 
{x,y) 



|r-7l^ 

|r + 7 | 


llj/f ■ 


The constant j is best possible in (HTTa in the sense that it cannot be replaced by 
a smaller constant. 
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If we assume that F = M, 7 = to with M > m > 0, then from we 

deduce the much simpler and more useful result 

(5-74) 0 < ||ai|| IIj/II - \{x,y)\ < ||ai|| ||y|| - |Re(ai,y)| 

< ||a:|| ||y|| - Re{x,y) < ^ Wvf^ 

provided i^TTll or holds true with M and m instead of F and 7 . 

Using the above inequalities for vectors in inner product spaces, we are able to 
state the following theorem concerning reverses of the CBS integral inequality for 
vector-valued functions in Hilbert spaces |2]. 

Theorem 75 (Dragomir, 2004). Let f,g G Lp([a, 6];iF) and 7 ,F G K with 
r ^ - 7 - If 


(5.75) Re {Tg {t) - f (t) J (t) - 'yg (t)) > 0 

for a.e. t G [a, b ], or, equivalently, 


(5.76) 


■7 H“ r 

/ {t) —^ ■ 9 {t) 


<iir-7lll5(0ll 


for a.e. t G [a,b ], then we have the inequalities 

(5.77) 0< ( f p{t)\\f{t)\\^dt f pm9(t)rdt 

\ J a ^ a I 


pit) if it), 9 it))dt 


< 


Pit)\\fit)fdt pit)\\g{t)fdt 


Re 


r + 7 r 
|r + 7l A 


pit) if it), 9 it))dt 


< 


pit) \\fit)\\ dt / pit) ||5(t)|| dt 


<1 |r- 7 l 


— Re 
2 „b 


r + 7 r 
|r + 7l A 


pit) if it), g it)) dt 


pit)\\git)\\ dt. 


4 |F + 7 | 

The constant j is best possible in 
Proof. Since, by (15.7511 . 
IteiTg-fJ-'yg) 


j p it) Re {Tg {t) - / (t) , / it) - 75 (t)) dt > 0, 
J a 
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hence, by applied for the Hilbert space ([a, 5]; i^); (•, •)^j , we deduce 

the desired inequality 

The best constant follows by the fact that -j is a best constant in and 

we omit the details. | 


Corollary 52. Let f,gGL'j, ([a, b ]; K) and M > m > 0. If 


(5.78) 


Re {Mg (t) - f (t) J (t) - mg {t)) > 0 


for a.e. t G [a, 5], or, equivalently, 


(5.79) 


f ■ 9 {t) <\{M -m)\\g{t)\\ 


for a.e. t G [a, 5] , then 


0 < 



(5.80) 
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<(^J Pit)\\fit)f dt J p{t)\\g{t)f 

p{t)Re{f {t),g{t))dt 

1 

< Pit)\\f it)f dt J p{t)\\g{t)f d?j 

- [ p{t)Re{f{t),g{t))dt 

J a 

1 {M-mf '■*' 


< - 


4 M + m 


p{t)\\g{t)\\ dt. 


The constant ^ is best possible. 

The case when a function is scalar is incorporated in the following theorem |3| . 

Theorem 76 (Dragomir, 2004). Let a G L'j,{[a,b]), g G L^([a,b];K), and 
7 ,r G K with r ^ — 7 . If e G K, ||e|| = 1 and 


(5.81) 


gjt) 

a{f) 


r + 7 

—-—e 


4ir-7l 


for a.e. t G [a, b], or, equivalently, 


(5.82) 


Re 


Te- 


gjt) gjt) 

a ft) a ft) 



> 0 


for a.e. t G [a,b ], then we have the inequalities 


(5.83) ^-\[ P (t) dt f p{t)\\g{t)fdt 

\ J a J a 

) 

p {t) a (t) g (t) dt 

<i^J Pft)\ait)\^ dt J pft)\\gft)f dt'j 

p{t)a{t)g{t)dt,e 
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\ J a J a > 


Re 


|r + 7l \Ja 


p (t) a (t) g (t) dt, e 


<([ p{t)\a{t)fdt f p{t)\\g{t)fdt 

\J a J a ) 


— Re 


|r + 7l \]a 


p (t) a (t) g (t) dt, e 


< 


1 |r-7| 


2 


p (t) \a (i)f dt. 


4 |r + 7 | 

The constant j is best possible in 

Proof. Follows by Theoreml74l on choosing 


r + 7 1 

V := — -^—^e and ^ 2 ~ ' 


We omit the details. 


Corollary 53. Let a € L'^{[a,b]), g G L'^ {[a,b]; K), and M > m > 0. If 


e G K, II ell = 1 and 


g{t) M + m 


a (t) 2 

for a.e. t G [a,b], or, equivalently, 




Ite/Me-£(i,£E-„A>0 

\ a{t) a{t) / 

for a.e. t G [a,b], then we have the inequalities: 

(5.84) P{'>^)\\9{i)\f dt 

\ J a J a ! 


p (t) a (t) g (t) dt 

1 

<{[ p{t)\o‘{t)\^ dt f p{t)\\g{t)fdt 
\ J a J a 


p{t)a{t)g{t)dt,e 
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< 


p{t)\a{t)\ dt / p (t) \\g {t)f dt 


Re' 


P (t) a {t) 9 (t) dt, e 


< 


p{t)\a{t)f dt p (t) \\g {t)f dt 


< 


1 (M — m) 


-Re(^ 

2 


P it) a (t) g (t) dt, e 


p (t) \a (t)| dt. 


4 M + m 
The constant j is best possible in 15.84}) . 

5.3.3. Applications for the Heisenberg Inequality. The following reverse 
of the Heisenberg type inequality (15.531) holds |2]. 

Theorem 77 (Dragomir, 2004). Assume that (p : [a, b\ ^ H is as in the 
hypothesis of Theorem \ 70} In addition, if there exists a r > 0 such that 

(5.85) \\(p'(t) + t(p {t)\\ < r 
for a.e. t G [a,b], then we have the inequalities 

(5.86) ^-(yj ^^\\T{t)fdtJ \\p it)f d^ \\(p{t)f dt 

(b-a). 

Prooe. We observe, by the identity (15.5411 . that 

(5.87) J Re (p (t), {-t) (p (t)) dt = ^ j \\p{t)fdt. 

Now, if we apply Theorem ESI for the choices / (t) = tp (t), g (t) = —tp' (t), 
p{t) = t G [a,b], then we deduce the desired inequality (15.8611 . | 

Remark 62. It is interesting to remark that, from we obviously have 


(5.88) 


\\p{t)\\ dt = 


Re {p' (t), tp (t)) dt 


Now, if we apply the inequality (see \5.64{ ) 


Wfm^dt \\g{t)fdt- 


Re (/ (<), g {t)) dt 


< 2 ^^ (b-a). 


for the choices f (t) = p' (t), g (t) = tp (t), t G [a, b], then we get the same inequal¬ 
ity <5.iV61) . but under the condition 

(5.89) \\p {t) - tp {t)\\ < r 

for a.e. t G [a, 6]. 
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The following result holds as well [2]- 

Theorem 78 (Dragomir, 2004). Assume that (p : [a, b] —>■ H is as in the 
hypothesis of Theorem \ y?| In addition, if there exists M > m > 0 such that 


(5.90) 


(5.91) 


(5.92) 


Re {Mtip (t) — p {t), p (t) — mtip {t)) > 0 


for a.e. t G [a,b ], or, equivalently, 


, , , M + m 
if it) --- tip (t) 


<-{M-m) \t\ ||(^(t)|| 


for a.e. t S [a,b], then we have the inequalities 


0 <^y t^\\p{t)fdtj \\p'it)fdtj -iy \\p{t)f dt 

1 {M-mf 


< - • 


4 M + m 


t 11^3(011 dt. 


Prooe. The proof follows by Corollarvl52laDDlied for the function g (t) = tp {t) 
and / (t) = p' {t), and on making use of the identity 115.8811 . We omit the details. | 


Remark 63. If one is interested in reverses for the Heisenberg inequality for 
real or complex valued functions, then all the other inequalities obtained above for 
one scalar and one vectorial function may be applied as well. For the sake of brevity, 
we do not list them here. 
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CHAPTER 6 


Other Inequalities in Inner Product Spaces 

6.1. Bounds for the Distance to Finite-Dimensional Subspaces 

6.1.1. Introduction. Let {H; (•, •)) be an inner product space over the real or 
complex number field K, {yi, ..., ?/„} a subset of H and G {yi, ..., yn) the Gram ma¬ 
trix of {yi,..., yn} where {i,j) —entry is {yi, yj) . The determinant of G (yi,. . ., yn) 
is called the Gram determinant of {yi,..., y^} and is denoted by T (yi,..., y„). 
Thus, 


{yi,yi) {yiiVi) ••• (yi,yn) 
(2/2,yi) (y2,y2) (y2,yn) 


r(yi,...,yn) 


(yn,yi) (yn,y2) ••• (yn,yn) 


Following |4l p. 129 - 133], we state here some general results for the Gram 
determinant that will be used in the sequel. 

(1) Let {xi,..., Xn} C H. Then T (a;i,..., x„) yf 0 if and only if {xi, . .., x„} 
is linearly independent; 

(2) Let M = span {xi,..., Xn} be n—dimensional in H, i.e., {xi, ..., Xn} is 
linearly independent. Then for each x G H, the distance d{x,M) from x 
to the linear subspace H has the representations 



( 6 . 1 ) 


and 


d^ {x,M) = \\xf - P^G-^13, 

where G = G {xi, ..., Xn), G~^ is the inverse matrix of G and 
/3^ = ((x, Xi) ,(x,X 2 } (x, Xn}) , 


( 6 . 2 ) 


denotes the transpose of the column vector (3. 


Moreover, one has the simpler representation 



(6.3) 


where denotes the orthogonal complement of M. 

(3) Let {xi ,..., Xn} be a set of nonzero vectors in H. Then 

0 < T (xi, ...,Xn) < ||a;i||^ ||a^2||^ • • • ||a;n||^ . 


(6.4) 


The equality holds on the left (respectively right) side of (16.411 if and only 
if {xi,... ,Xn} is linearly dependent (respectively orthogonal). The first 
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inequality in (lOll is known in the literature as Gram’s inequality while 
the second one is known as Hadamard’s inequality. 

(4) If {xi,...,a;„} is an orthonormal set in H, i.e., {xi,Xj) = 5ij, i,j G 
{1,..., n} , where Sij is Kronecker’s delta, then 

n 

(6.5) {x,M) = \\xf-'^\{x,Xi)\^ . 

2=1 


The following inequalities which involve Gram determinants may be stated as 
well [m p. 597]: 


( 6 . 6 ) 


r (Xl, . . .,Xn) 

r (xi,... ,Xfc) 


r (X2, ■.■,Xn) 
T (xi, . . . ,Xfe) 


^ ‘ ‘ ^ r (xfc-i_i,..., Xji^ , 


(6.7) r(xi,...,x„) < r(xi,...,xfc)r(xfc+i,...,x„) 

and 


( 6 . 8 ) r^xi + yi,X 2 ,... ,x„) 

< (xi, X 2 , . . . ,Xn) +T^ {yi,X2, ■ ■ . , Xn) ■ 

The main aim of this section is to point out some upper bounds for the distance 
d (x, M) in terms of the linearly independent vectors {xi,..., x„} that span M and 
X ^ M-*-, where M-*- is the orthogonal complement of M in the inner product space 
{H; {;■)). 

As a by-product of this endeavour, some refinements of the generalisations for 
Bessel’s inequality due to several authors including: Boas, Bellman and Bombieri 
are obtained. Refinements for the well known Hadamard’s inequality for Gram 
determinants are also derived. 


6.1.2. Upper Bounds for d (x, M). The following result may be stated m 

Theorem 79 (Dragomir, 2005). Let {xi,...,x„} be a linearly independent 
system of vectors in H and M := span {xi,..., x„} . If x ^ M^, then 


Ikif -ELi 


ELi ll^dl 


(6.9) d^{x,M)< 

or, equivalently, 

(6.10) r(xi,... ,x„,x) 

j\x\?Yri=Axr\?-Yri=i\M? . 

^ „„ II ||2 ■ 4 I^Xi, . . . , Xn) ■ 

E*=i l|a:*ll 

Prooe. If we use the Cauchy-Bunyakovsky-Schwarz type inequality 


( 6 . 11 ) 


2=1 


<EH^Ei 

2=1 2=1 


2 /*f > 


that can be easily deduced from the obvious identity 


(6.12) EI«*I'E 


2=1 2=1 


E 


caUi 


= 5E 


2 / . cijXiw , 

Li=i 
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we can state that 


(6.13) 


{x,xi) Xi 




Note that the equality case holds in if and only if, by KWi . 

(6.14) {x,Xi)xj = {x,Xi)xi 

for each i,j € {1,..., n} . 

Utilising the expression llOl of the distance d {x, M), we have 


(6.15) 


{x,M) = \\x\\- 


2 1:U\{x,X,)\^Y.U\\x£ Y.t,\{x,X,)\^ 


Er=i {x,xi)‘. 


Er=i 


Since {xi,... ,Xn} are linearly independent, hence 16.1411 cannot be achieved and 
then we have strict inequality in 16.1311 . 

Finally, on using and we get the desired result ira . I 

Remark 64. It is known that (see {6.4\j ) if not all {xi, ..., x„} are orthogonal 
on each other, then the following result, which is well known in the literature as 
Hadamard’s ineguality holds: 

(6.16) r {xi, ...,Xn) < IItiII^ ||x 2 ||^ • • • ||a;„||^ . 

Utilising the ineguality 16'.ldl] . we may write successively: 

T,, ^ / ll^if l|a;2f - |(a:2,a;i)|y 2 ^ „ ,,2 „ ,,2 

r(a;i,ai2)< --—-3-||a:i|| < ||a:i|| ||ai2|| , 

lla^ill 

. Ikaf Elill^.f-ELil(^ 3 ,a;.)|^^, 
r {xi,x 2 ,x 3 ) < - ^2 —;;—^ ixi,x 2 ) 




< ||a:3||^r(a:i,a;2) 


F (9I1, . . . , Xn—l, Xji) 


\\Xn\?Yr~^\\x£ -Yr~^\{Xr.,X,)\^ 


X r {xi, . . .,Xn-l) 
< \\Xn\\'^T{xi,...,Xn-l). 


Multiplying the above inequalities, we deduce 
(6.17) T {Xl,. . . ,Xn-l,Xn) 

k— 1 \ 

—^y]]|(aifc,a;,)n 
x^\\ i=i / 

< n 

1=1 

valid for a system of n > 2 linearly independent vectors which are not orthogonal 
on each other. 


< ail 


u 

/c=2 


\^k - 


1 


In | 15| . the author has obtained the following inequality. 
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Lemma 8 (Dragomir, 2004). Let zi,...,Zn G H and G K. Then 

one has the inequalities: 


(6.18) 


mzi 

i=l 


max \a,\^ ^ ||z,f : 


< < 


E |a* 

2=1 


2 a 


Elki 

i=l 


12/3 


where a > 1, — + i = 1: 

’ a p ’ 


E Ikif ; 

,_i l<2<n 


( , max {\aiaj\} E I(^g2j)I; 


E |a*r - E 


1 27 


E i(^G^i)r 

where 7 > 1 , i + | = 1 ; 


El«d -E 


l< 27 tj<n 


where any term in the first branch can be combined with each term from the second 
branch giving 9 possible combinations. 


Out of these, we select the following ones that are of relevance for further 
consideration: 


(6.19) 


y^^ajZi 

2=1 


n 

< max \\z,f'^\a,f 

l<2<n 

- 2=1 




1), max \{z^,Zj)\ 

l<2<j;<n 
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and 

( 6 . 20 ) 


E 


OtiZi 


< max + 

l<i<n 




1 1/2 


E 

Vi=l 


ad 


- E 

2=1 


< E i“*i 


2=1 


max \\zif + \ V \{zi,Zj) 

l< 2 <n \ 

l<2^j<n 


Note that the last inequality in (16.1011 follows by the fact that 

/ n \ ^ n 

\ 2=1 / 2=1 

while the last inequality in (16.2011 is obvious. 

Utilising the above inequalities 16.1011 and 16.2011 which provide alternatives 
to the Cauchy-Bunyakovsky-Schwarz inequality iurmi . we can state the following 
results m 

Theorem 80 (Dragomir, 2005). Let {xi,... ,Xn} , M and x be as in Theorem 
1 7^4 Then 


(6.21) d^{x,M) 


< 


max llxill^ + \{xi,Xj 


l<i< 


l< 27 ^_j<n 


- E \{x,Xi)\^ 
2 = 1 


max||a;i||^+ X) \{xi,Xj)\^ 


l<i<n 


l<2^j<n 


or, equivalently, 

(6.22) r(xi,... ,x„,a:) 


< 


Ikf 

max||a;if+( X \{xi,Xj)\^ 

1 - 

2 

-El(x,x.}l^ 


^<^<n \l<i¥^3<n y 

1 

2=1 


max||xif+ X \{xi,Xj)\^ 


l<i<r 


l<2^j<n 


X r (a;i,... ,a;„). 
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Proof. Utilising the inequality for ai = {x,Xi) and Zi = Xi, i £ 

{1 ,..., n} , we can write: 


( 6 . 23 ) 


{x,Xi) Xi 


2=1 


^EK 


X,Xi) 


max|kif+ E 

l<i<n \ 

l<2:^_7'<n 


for any x £ H. 

Now, since, by the representation formula 16 . 31 ) 

( 6 . 24 ) {x,M) = ||xf - • E l(x,x.)|^ , 

for X ^ M^, hence, by 16 . 231 ) and 16 . 241 ) we deduce the desired result 1 


Remark 65 . In 1941 , R.P. Boas |2] and in 1944 , R- Bellman pQ, independent 
of each other, proved the following generalisation of Bessel’s ineguality: 

n 

(6.25) 

2=1 


max \\yi\ 

l<i<n 


E \(y^^yj)\^ 


l<2:^J'<n 


provided y and yi (i G {1 ,... ,n}) are arbitrary vectors in the inner product space 
{H; (•, •)). ra} orthonormal, then 16'. S15\l reduces to Bessel’s inequal¬ 
ity- _ 

In this respect, one may see fOTl) as a refinement of the Boas-Bellman result 

f03l) . 


Remark 66 . On making use of a similar argument to that utilised in Remark 
one can obtain the following refinement of the Hadamard inequality: 


( 6 . 26 ) 


r (xi, . ..,Xn) 


/ 


n 

A:=2 


\\Xkf- 


E \{xk,xf)Y 

2=1 


V 


max \\xif + E \{xi,Xj)f 






< n 

i=i 
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Further on, if we choose ai = {x, Xi), Zi = Xi, i ^ {1,... ,n\ in Ijh.lBII . then we 
may state the inequality 


(6.27) 


{x,Xi) Xi 


i=l 


< |(a;,a;i)|^ ( max ll^ill^ + (n - 1) max |(iCi, a;,-)| I . 


utilising and we may state the following result as well m 

Theorem 81 (Dragomir, 2005). Let {a;i, ... ,Xn} , M and x be as in Theorem 
\7y[ Then 


(6.28) d^{x,M) 


< 


max llaiill + (n — 1) max \(xi.Xi)\ 

l<i<n 


-Er=ii(^d 


max llxill + (n — 1) max |(xi,x,-)| 

l<i<n 


or, equivalently, 

(6.29) r(xi,... ,x„,x) 


< 


max llxill + (n — 1) max \(xi,Xi)\ 

l<i<n 




max lla^ill +(n—1) max \(xi,Xj)\ 

l<i<n 


X r(xi,... ,x„). 


Remark 67. The above result id.Stil) provides a refinement for the following 
generalisation of Bessel’s inequality: 


(6.30) y] |(a;,Xi)|^ < 


max ||xi|| +(n-l) max |(xi,Xj)| 

l<z<n 


obtained by the author in ESI 

One can also provide the corresponding refinement of Hadamard’s inequality 
on using \f). 2!A) . i.e., 


(6.31) r(xi,...,x„) 

|2 


< Ikll 


/ 


n 


\Xk\ 


E \{Xk,X^)\" 
2=1 


V 


max ||xi|| {k — 2) max |(xi, 


i<i<k-i 




< n 
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6.1.3. Other Upper Bounds for d{x,M). In [3 p. 140] the author ob¬ 
tained the following inequality that is similar to the Cauchy-Bunyakovsky-Schwarz 
result. 

Lemma 9 (Dragomir, 2004). Let zi,...,Zn G H and ai,...,a„ S K. Then 
one has the inequalities: 

2 

^aiZi 
2=1 


(6.32) 


i=l 3=1 


< 


^ max 


l<2<'r 


E \{Z^,Z3)\ 
i=i 


E \ai 

2=1 


\2p 


where p > 1, ^ ^ = 1; 


max ja^l^ Y. ■ 


l<i< 


hi=i 


We can state and prove now another upper bound for the distance d (x, M) as 
follows m 

Theorem 82 (Dragomir, 2005). Let {xi,... ,Xn} , M and x be as in Theorem 
1 714 Then 


(6.33) 


d^ (x, M) < 


||x||^ max 

l< 2 <n 

1 1 

1_1 

-EI(U:^.)|" 

2=1 

max 

l< 2 <n 

n 

E 

i=i 

Xj}\ 



or, equivalently, 

(6.34) T{xi,...,Xn,x) 


< 


llxlp max 

l< 2 <n 

n 

E l(a^uU)l 

y=i 

-El(u^,)l^ 

2=1 

max 

l< 2 <n 

1__J 

Xj)\ 



T {xi,. . . ,Xn) ■ 


Proof. Utilising the first branch in we may state that 

(6.35) 


n 

2 

n 

{x,xi) Xi 

< V l(a:,2;*)|^ max 

• * l<. 2 <.n 


2 = 1 

2=1 - 

_i=i 


for any x € H. 

Now, since, by the representation formula JOl we have 

|2 n 


(6.36) 


d^ {x,M) = \\xr- 


2 ELiK^,^.) 
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for X ^ M^, hence, by and (Ib.dfill we deduce the desired result Ifi.ddH . | 

Remark 68. In 1971, E. Bombieri proved the following generalisation of 
Bessel’s inequality, however not stated in the general form for inner products. The 
general version can he found for instance in [Tfl p. 394]. It reads as follows: if 
y, 2 / 1 ,..., 2/n are vectors in the inner product space {H; (•, •)), then 

n 1^1 

(6.37) '^\{y,y^)? < '^\{y^,yj)\ > • 

i=i [i=i J 

Obviously, when {yi ,..., pn} are orthonormal, the inequality produces Bessel’s 

inequality. 

In this respect, we may regard our result as a refinement of the Bombieri 

inequality fOTI ). 

Remark 69. On making use of a similar argument to that in Remark \64l we 
obtain the following refinement for the Hadamard inequality: 


(6.38) 


r {xi 


, . . . , O/Ti 


n 

Xr,) < ||xif 


\\xkf- 


E \{xk,Xi)\" 
2=1 


max 

l<2<fc-l 


k-1 

E \{Xi,Xj 


< 


i=i 

Another different Cauchy-Bunyakovsky-Schwarz type inequality is incorporated 
in the following lemma m 

Lemma 10 (Dragomir, 2004). Let zi, ...,£ H and ai,... ,an S K. Then 


(6.39) 


E 

2=1 


aiZi 


- () 1 E 


V2=l 


forp> l,j +^ = 1. 


If in i6.39\) we choose p = q = 2, then we get 


(6.40) 


E 

2=1 


0^2 2^2 


<Ei«^n E 


{Zi,Zi 


i=l 




Based on (lOnil . we can state the following result that provides yet another 
upper bound for the distance d {x, M) |16| . 

Theorem 83 (Dragomir, 2005). Let {xi,... ,Xn} , M and x be as in Theorem 
1 714 Then 


(6.41) 


{x,M) < 


\xf E \{x^,XJ)f - E \ {x,Xi)\^ 

\i,3 = l / i=l 


E \{xuXj)\‘ 
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or, equivalently, 

(6.42) T{xi,...,Xn,x) 


Ikll E \{Xz,Xj)\ -Y.\{x,Xi)\" 


< 




2=1 


T {Xi,. . . ,Xn) ■ 


E \{x^,Xj) 


Similar comments apply related to Hadamard’s inequality. We omit the details. 

6.1.4. Some Conditional Bounds. In the recent paper |5], the author has 
established the following reverse of the Bessel inequality. 

Let [H] (•, •)) be an inner product space over the real or complex number field 
K, a finite family of orthonormal vectors in H, Lp^, c/ij S K, f £ / and x G H. 

If 


(6.43) 

or, equivalently, 

(6.44) 

then 

(6.45) 


Re ( ^ -x,x-^ PiOi ) > 0 




iGl 




iGl 


< 


~ 




(0<)||a;f-^|(ai,e4|^ < ■ 


iGl 


i^I 


The constant | is best possible in the sense that it cannot be replaced by a smaller 
constant uni 

Theorem 84 (Dragomir, 2005). Let {xi,.. -Xn} be a linearly independent sys¬ 
tem of vectors in H and M := span {xi, ... Xn} ■ If li, L^ £ K, i £ {1, ..., n} and 
X £ H\M-^ is such that 

/ n n \ 

(6.46) ( X! ^ - X! ^ 0, 

\i=l 2=1 / 

then we have the bound 


(6.47) 

or, equivalently. 


{x,M) < 


1 


E(r.-7. 


Xi 


2=1 


(6.48) 


r {xi, ...,Xn,x)< 


y](ri-7i)a;. 


2=1 


T{xi,...,Xn)- 


Proof. It is easy to see that in an inner product space for any x,z,Z £ H 
one has 


X — 


z -\- Z 


— i ||Z — z||^ = Re (Z — X, X — z), 


2 
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therefore, the condition H6.46|l is actually equivalent to 


(6.49) 

Now, obviously, 

(6.50) 


-E 


Tj + 7i 


< - 

- 4 




(f {x, M) = inf ||x — y\\ < 


yGM 


-E 


Ti + 7i 


i=l 


and thus, by (16.4911 and 16.5011 we deduce (ICT7I) . 

The last inequality is obvious by the representation fOl . I 

Remark 70. Utilising various Cauchy-Bunyakovsky-Schwarz type inequalities 
we may obtain more eonvenient (although coarser) bounds for d'^ {x, M). For in¬ 
stance, if we use the inequality i6.UA) we can state the inequality: 




giving the bound: 


<E|r*-7j^ ( max ||xif+ (n-l) max \{xi,Xj)\] , 
2=1 ^ 


(6.51) d2(a;,M)<-^|R-7j 


2=1 


max ||a:J| + (n — 1) max \(xi,Xi)\ 

l<i<n l<i<j<n 


provided \ 6 . 4 bt) holds true. 

Obviously, if {xi ,..., Xn} is an orthonormal family in H, then from 16.51\) we 
deduce the reverse of Bessel’s inequality incorporated in i6.45}) . 

If we use the inequality irm) . then we can state the inequality 




<Eir*- 


7d 



/ \ 

1 - 

2 

max \\x^f + 

l< 2 <n 

E 






giving the bound 


(6.52) d2(x,M)<i^|R-7j 


max||xif+ V \{xi,Xj)\^ 

l< 2 <n \ 


provided \ 6 . 4 bt) holds true. 
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In this case, when one assumes that {xi,... ,Xn} is an orthonormal family of 
vectors, then reduces to as well. 

Finally, on utilising the first branch of the inequality fOl) . we can state that 


(6.53) 


{x,M) < 

^ l<i<n 


2=1 


i=i 


provided holds true. 

This inequality is also a generalisation of 

6.2. Reversing the CBS Inequality for Sequences 

6.2.1. Introduction. Let (iL; (•, •)) be an inner product space over the real or 
complex number field K. One of the most important inequalities in inner product 
spaces with numerous applications, is the Schwarz inequality 

(6.54) \{x,y)\^ <\\x\f\\yf , x,y e H 
or, equivalently, 

(6.55) |(a;,y)| < ||a;|| ||y|| , x,y e H. 

The case of equality holds iff there exists a scalar a € K such that x = ay. 

By a multiplicative reverse of the Schwarz inequality we understand an inequal¬ 
ity of the form 

( 6 ^ 56 ) (1 <) 'pM. < 0, (1 <) < t, 

with appropriate ki and k 2 and under various assumptions for the vectors x and y, 
while by an additive reverse we understand an inequality of the form 


(6.57) 


(0 <) ||a:|| ||y|| - \{x,y)\ < hi or 


( 0 <) 


- \{x,y)\'^ < h 2 . 


Similar definition apply when \ {x,y)\ is replaced by Re {x,y) or |Re {x,y) \. 
The following recent reverses for the Schwarz inequality hold (see for instance 
the monograph on line 13 p. 20]). 

Theorem 85 (Dragomir, 2004). Let {H; {■,■)) be an inner product space over 
the real or complex number field K. If x,y G H and r > 0 are such that 

(6.58) jja; - 2/11 < r < II 2 /II , 

then we have the following multiplicative reverse of the Schwarz inequality 

'\x\\M , ||a:||||2/|| ^ II2/II 


(6.59) 


(1 <) 


< 


\{x,y)\ Re{x,y) 


< 


'\\y\\ -r^ 

and the subsequent additive reverses 

(6.60) (0 <) ||a;|| || 2 /|| - \{x,y)\ < ||a;|| || 2 /|| - Re (a:,?/) 


< 


\\y\\-r^ 


+ \^\\yr-r‘ 


Re {x, y) 
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and 

(6.61) (0<)||xf llj/f 

<\\xf\\yf-[Re{x,y)f 

<r^\\xf. 

All the above inequalities are sharp. 

Other additive reverses of the quadratic Schwarz’s inequality are incorporated 
in the following result [3 p. 18-19]. 

Theorem 86 (Dragomir, 2004). Let x,y £ H and a, A G K. If 

(6.62) Re{Ay — x,x — ay) > 0 
or, equivalently, 


(6.63) 

then 

(6.64) 


a -\- A 

^ -- V 




(0<)||xf ||yf-|(x,y)|^ 


<i|A-a|^||y||^- 


<-\A-a\^\\yt. 


^\\yr-{x,y) 


||y||^Re(A?/-x,x-a?/) 


The constant j is best possible in all inequalities. 

If one were to assume more about the complex numbers A and a, then one may 
state the following result as well O p. 21-23]. 

Theorem 87 (Dragomir, 2004). With the assumptions of Theorem\^ and, if 
in addition. Re (Ad) > 0, then 

1 Re [(A-I-d) (x,y)] ^1 JA-l-al 


(6.65) 

( 6 . 66 ) 

and 

(6.67) 


< 


2 y/Re (Ad) “ 2 ^Re (Ad) 
(0 <) Ijxll llyll - Re(x,y) 


^ \{x,y )\, 


< 


1 


Re 


^A -I- a — 2y^Re (Aa)^ (x, y) 


.^Re (Aa) 


(o<)lk| 


n|yf-|(x,2/)l^<^i^7^1(x,y)l^ 


4 Re (Aa) 

The constants 1 and j are best possible. 

Remark 71. If A = M, a = m and M > m > 0, then Ki.fihil and hti.tihXl may 
be written in a more convenient form as 


( 6 . 68 ) 


ll^ll IIJ/II ^ (2^’2^) 


2vtoM 





















206 


6. OTHER INEQUALITIES 


and 


(6.69) 


(0 <) ||a:|| ||y|| - Re{x,y) < 



2\/mM 


Re {x, y). 


Here the constant ^ is sharp in both inequalities. 

In this section several reverses for the Cauchy-Bunyakovsky-Schwarz (CBS) 
inequality for sequences of vectors in Hilbert spaces are obtained. Applications 
for bounding the distance to a finite-dimensional subspace and in reversing the 
generalised triangle inequality are also given. 


6.2.2. Reverses of the (CBS) —Inequality for Two Sequences in (K). 

Let {K, (•, •)) be a Hilbert space over K, pi > 0, i £ N with Pi = 1- Consider 
ip (K) as the space 


il (K) 


r 

OO ^ 

1 X = (a; 0 ,gN 

Xi G K, i gN and ''^pi Xi ^ < oo , 

i=i J 


It is well known that {K) endowed with the inner product 


OO 

2=1 


is a Hilbert space over K. The norm H-Hp of (AT) is given by 


1 



li x,y £ £p [K) , then the following Cauchy-Bunyakovsky-Schwarz {CBS) inequal¬ 
ity holds true 


(6.70) 


'^Pi Wxif'^Pi hif > 

2=1 2=1 


i=l 


with equality iff there exists a A G K such that Xi = Xyi for each i G N. 

This is an obvious consequence of the Schwarz inequality (16.5411 written for the 
inner product (•, •)p defined on ip (K). 

The following proposition may be stated m 

Proposition 57. Let x,y G ip {K) and r > 0. Assume that 


(6.71) 


\\xi - yi\\ <r < Wy^W for each i G N. 
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Then we have the inequality 


(6.72) 


(1<)^-^ 

< 




\T,ZiP^ {xi,y^)\ 

(EZiP^IM'Y 


(6.73) 


and 

(6.74) 


(0 <) ( ||x,f \\y^\\^ 

\i^l i^l 

/ oo oo 

< '^Pi Wxif'^Pi Wvif 


oo 

- ^Pi {x^,y^) 

oo 

-^PjRe(xi,j/i) 

2=1 


< 


r 


2 


oo 


x; P* Re (Xi, y^) 
2=1 




I:p^\\y^f 


+ xEp^\M -r^ 


(0 <)J2p^ hif'^p^ !'■ 


2 = 1 
OO 


< ^Pz llxzf ^Pz lipzf - 
2=1 

oo 

< r^'^Pi 


2=1 

Ii2 


'^Pi {xi,yz) 

2=1 
OO 

y^PiRe(a:z,pz) 


2=1 


2=1 


Proof. From H6.71|l . we have 


- y\\l = '^PZ\xi - y^f <r^^P^ <^Pz||Pzf = llpllp, 

2=1 2=1 2=1 


giving ||a: — y||p<r< ||p||p. Applying Theorem|H3for [K) and (•, •)p , we deduce 
the desired inequality. | 


The following proposition holds m 
Proposition 58. Let x,y G {K) and a, A e K. If 
(6.75) Re {Ayi — Xi, Xi — ayf) > 0 for each i G N 

or, equivalently, 


(6.76) 


a A 

^2 7i V'i' 


<^\A-a\ IIpzII 


for each i G N 
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then 

(6.77) 


(0 <)J2 p^ ' 


2=1 




^2=1 


^YZiP^Wv^r-YZiP^ 


E^i Pi\\Vi\? YhLi Pi R-e {Ayi -Xi,Xi- ayi) 


- {^pA\y^\\^ 


The proof follows by Theorem 1861 we omit the details. 
Finally, on using Theorem IHB we may state m 


Proposition 59. Assume that x,y,a and A are as in Provosition \5Sl More¬ 
over, ifKe{Ad) > 0, then we have the inequality: 


(6.78) 


('^Pi \\i>^if'^p^ lly*f) 

\2=1 2=1 / 

^ 1 Re [{A-\-d)J2'ZiP^ {xi,y^)] 
~ 2 y^Re (Aa) 


< 


1^ - q| 

y^Re (Aa) 


'^Pi {xi,y^) 


i=l 


(6.79) 


and 

(6.80) 


( 0 <) 


oo oo 

'^Pi \\x^f'^P^ 


OO 

'^PiRe{x^,y,) 

2=1 



Re 



2A/Re(Aa)) EfciK {xi,yz) 
i/Re {Ad) 


(0 <)'^Pi \\x^f'^p^ \\y^\f 

2=1 2=1 


'^P^ {xi,yi) 

2=1 



Re {Aa) 


'^P^ {xi,yi) 

i=l 


6.2.3. Reverses of the {CBS) —Inequality for Mixed Sequences. Let 

{K, (•, •)) be a Hilbert space over K and for > 0, i S N with J^^iPi = 1) ^.nd 
£p {K) the Hilbert space defined in the previous section. 

If 



■ 

OO 

a e £2 (K) := < 

O (Oi)jgpj 

Oi S K, j S N and ^ < oo , 

i=i J 
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and a; £ £p {K ), then the following Cauchy-Bunyakovsky-Schwarz {CBS) inequality 
holds true: 


(6.81) 


'^P^ \ai\^^Pi Ijxif > 

i—1 i—1 


oo 

i=l 


2 


with equality if and only if there exists a vector v € K such that Xi = aiV for any 
i G N. 

The inequality lIHlTTll follows by the obvious identity 


'^P^ \\xif 


y^^PiajXj 

^ n n 

= ,EE PiPj \WiXj - OijXiW^ , 

i=i j=i 


for any n G N, n > 1. 

In the following we establish some reverses of the {CBS) —inequality in some 
of its various equivalent forms that will be specified where they occur HU. 


Theorem 88 (Dragomir, 2005). Let a G ip (K) , x G ip {K) and a G K, r > 0 
such that ||a|| > r. If the following condition holds 

(6.82) ||a:i — cqall < r joil for each iG'H, 

(note that if ai ^ 0 for any i G N, then the condition is equivalent to 


(6.83) 




< r for each j G N), 


then we have the following inequalities 


(6.84) 




Pi l|a;i| 


< 


< 


lall^ — 


Re {^^piUiXi, a 


'^PiUiXi 

i=l 


(6.85) 


0 < ( ^Pt \aifYl 


Pi \\Xi\ 


i=l 

OO 


PiOliXi 




Pi IIa;* I 


/ oo 

- Re ( y^^PiajXj, 




2=1 


^ 2=1 


a 

\a\\ 


< 



Re < 




< 



oo 

2=1 
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oo oo 


(6.86) ||a;*f < 


2=1 


< 


lall^ — 


lalP — 


Re (5^ 


PiOLiXi^ Cl 


\i^l 


'^Pia^Xi 


and 

(6.87) 


OO OO 

0 < '^P^ 

2=1 2=1 


Pi W^il 


OO OO 

2=1 2=1 


OO 

'^Pia^Xi 

2=1 


Re ( y^p^ajXi 

\i=l 


a 

Hall 


< 


< 


lla||Ulla|p-r2' 


Re ( y^piaiXi,a 
\i=l / 


|a||^ - 


OO 

y^^PtajXi 

2=1 


All the inequalities in “ f07D are sharp. 

Proof. From l(j.82ll we deduce 

||xi||^ - 2Re (a;j,a7a) + ja^l^ ||a||^ < |ai|^r^ 
for any i G N, which is clearly equivalent to 

(6.88) \\x^\f + (^|la||^ - r^^ |ai|^ < 2Re {a^Xi,a) 

for each i G N. 

If we multiply (16.8811 by pi > 0 and sum over i G N, then we deduce 


(6.89) ^ 


p*||a;*|| +\\\af-r^ 


OO / OO 

) '^P^\ai\^ < 2Re/^ 


PiOCiXi , a 


Now, dividing (16.8911 by J ||a|f — r^ > 0 we get 


(6.90) 




a|P — i=i 


OO 


P^ \\x^\? + V I|af -r^j2p^ 
2=1 


< 


■ (E^**^*^*’' 


a - r^ \i=i 


On the other hand, by the elementary inequality 

—p + aq> 2Jpq, a > 0, p,q>0, 
a 































6.2. REVERSING THE CBS INEQUALITY FOR SEQUENCES 


211 


we can state that: 


(6.91) 2 






< 


\af-r^ i=i 


oo - - oo 

\\xif + Vl|af -r2^ 


Pi \Oti 


Making use of and we deduce the first part of (ESI- 

The second part is obvious by Schwarz’s inequality 


Re ( '^piaiXi,a ) < 


E 


'PiOCiXi 


If Pi = 1, Xi = X, ai = 1 and pi = 0, ai = 0, Xi = 0 for i > 2, then from 
we deduce the inequality 

1 


kr < 


a -r^ 


: Re {x, a) < 


he a 


a -r^ 


provided ||a: — a|| < r < ||a|| , x,a G K. The sharpness of this inequality has been 
shown in 0 p. 20], and we omit the details. 

The other inequalities are obvious consequences of and we omit the 

details. | 

The following corollary may be stated HD 

Corollary 54. Let a G £p (K) , x G £p (K), e G H, \\e\\ = 1 and (p,(l) G K. 
with Re {4>p) > 0- If 

(6.92) 


_ p + (j) 

0£.i ' ^ *6 


<-\(j}-p\ \ai\ 


for each i G N, or, equivalently 

(6.93) Re {(foie — Xi, Xi — paie) > 0 

for each i G'H, (note that, if ai 0 for any z G N, then ih.PPfl is equivalent to 


(6.94) 


Xi p + i 


oii 2 

for each z G N and is equivalent to 


< ^ 1^-V^l 


Re Ee — ^ — (/Je) > 0 

\ 0^2 / 

for each z G Nj, then the following reverses of the (CBS) —inequality are valid: 

1 _ 

12 V < [(0 + ^) (Efcift«*2;*,e)] 


(6.95) 


^2 = 1 2 = 1 


< 


2 [Re {(fp)] 
1 \p + (t)\ 


[Re(M]' 


y^^PittiXi 


2=1 
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(6.96) 


0 < ( ^Pi 


Pi IIa;* I 


^ oo 


Z=1 


oo 

y^^PiajX^ 

2=1 


< '^pi \a^f'^p^ \\x^ 

\z=l 2=1 

^ + P 


— Re 


< 


\p + (l)\ 

|(/)-v?! 


y^PiaiXi,e 

i=i / 

2 


2^Re{<l)p) + 01 + 2yjRe {4>p)^ 

0 + 0 


X Re 


< 


I+ + 0I 

10-+r 


^ ^ PiOtiXi , 


2\/Re(0(/5) + 01 + 2y'Re (0(p)^ 


y^^PtajX^ 


i=l 


(6.97) 


and 


(6.98) 


1=1 i=l 

1 


Re I (0 + (p) l^'^pia^Xi, e 

OO 

^ ^ Pi^iXi 


< 


< 


4 Re (0(^) 

1 ^ |tp + 0|^ 

4 Re (00) 


^ 2=1 


2=1 


0 < '^Pi Iciil^X 


Klla^ill - 


2=1 


2=1 


'^PiUiXi 

2=1 


< Xp» 11^* 

2=1 

I 0 + 0 


2=1 


1 2 


Re 


■■■ 


< 


i0-+r 


4|0 + 95| Re(0(^) 


Re 


(0 + (p) {^^piaiXi,e 


< 


10- +1^ 

4 Re (00) 


y^^PtUiXi 

2=1 


All the inequalities in are sharp. 
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Remark 72. We remark that if M > m > 0 and for a G (K) , x G £p (K ), 
e G H with ||e|| = 1, one would assume that either 


(6.99) 


CXi 


M ■ 


m 


<-,iM 


m) 


for each i G N, or, equivalently 


( 6 . 100 ) 


„ / . , Xi Xi 

Re ( Me — —, — — me 

\ Oii at 


> 0 


for each i G N, then the following, much simpler reverses of the (CBS) — inequality 
may he stated: 


( 6 . 101 ) 


“ °° M -Cm °° ' 

^P^\ai\^'^Pi\\xif] < ^— Re/'^p^a^Xi,e 


\i—l 2=1 


< 


2vmM 
M + m 


2vmM 


'^PiUiXi 

2=1 


( 6 . 102 ) 0 < 


Pi \\Xi\ 


v,2=l 2=1 


OO 

'^PiUiXi 

2=1 




PiCXiXi , 6 


< 


< 


v,2=l 2=1 


(M — m) 


U=i 


Re / y^pia^Xi, 


2 { ^/M^/rn] VmM \i^i 


'^PiUiXi 

2=1 


(M — m) 


2 \ \fM-\-^/m\ \/mM 


(6.103) 


and 

(6.104) 


I 


XiW - 


2=1 


2=1 

2 




i=l 


< 


< 


{M + m) 
4mM 

{M + mf' 
4mM 


Re(^ 


PiCXiXi^ 6 


U=1 


'^PiUiXi 

2=1 


0 < '^Pi ||a;* 

2=1 2=1 


OO 

y^,p^aiX^ 

2=1 
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\x^\\ - 


2=1 


2=1 


Re ( y^p^ajXj, 


< 


(M — m)^ 
AmM 


\i=l 

-I 2 


Re ( e 


(M — m)^ 
AmM 


OO 

y^^PiajXj 

i=l 


2 


6.2.4. Reverses for the Generalised Triangle Inequality. In 1966, J.B. 
Diaz and F.T. Metcalf proved the following reverse of the generalised triangle 
inequality holding in an inner product space {H; (•,•)) over the real or complex 
number field K: 


(6.105) 


r'^WxiW < 

2=1 


i=l 


provided the vectors xi,... ,Xn G R\ {0} satisfy the assumption 


(6.106) 


0 < r < 


Re (xi, a) 

Ik.ll 


where a £ H and ||a|| = 1. 

In an attempt to diversify the assumptions for which such reverse results hold, 
the author pointed out in uni that 


(6.107) 


Ikill < 

2=1 


n 


where the vectors XiiG {1,..., n} satisfy the condition 


(6.108) \\xi-a\\<p, iG{l,...,n} 

where a £ H, ||a|| = 1 and p G (0,1). 

If, for M > m > 0, the vectors Xi G H, i G {1,... ,n} verify either 

(6.109) Re {Ma — Xi, Xi — ma) >0, z G {1,..., n} , 


or, equivalently. 


( 6 . 110 ) 



M + m 
2 


<-,iM 


m ), 


z G {l,...,n}. 


where a G H, ||a|| = 1, then the following reverse of the generalised triangle in¬ 
equality may be stated as well nni 


H®* . 

2=1 

Note that the inequalities Di, EMI), and are sharp; necessary 

and sufficient equality conditions were provided (see and m) 

It is obvious, from Theorem IHHl that, if 


( 6 . 111 ) 


2^/mM 

W- 


H Ikill < 


2=1 


(6.112) \\xi — a\\<r, for n}, 
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where ||a|| > r, a G H and Xi G H, i G {1,... ,n} , then one can state the inequalities 

1 . 

n / ^ \ 2 

(6.113) 

1 / - \ 

: Re ( cci, g ) 


< 


< 


lalP — 


\af-T^ 


Y.- 

i=l 


and 

(6.114) 


0<y]||a:i||- Y- 




Y 

2=1 


Xi 


-Re/y^a;i, 


< 


< 


a -H a + 1/0 -7- 


Re( 


^ 2=1 


a -H a +a/ a -r 




We note that for ||a|| = 1 and r G (0,1), the inequality 16.8911 becomes 

n / n \ 2 

(6.115) Eii^*in 


2=1 


< Re(y^Xi,a\ < 


^ 2 = 1 


E 

i=l 


Xi 


which is a refinement of DU)- 

With the same assumptions for a and r, we have from 16.11411 the following 
additive reverse of the generalised triangle inequality: 


(6.116) 


o<Ei 


E^ 


< 


< 


i/l — (l + i/l — 7-2) 

J.2 

•\/l — (^1 + Vl — r^) 


Re ( y^Xi,i 


0=1 


E^* 

2=1 
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We can obtain the following reverses of the generalised triangle inequality from 
Corollary 1541 when the assumptions are in terms of complex numbers (/> and (p : 

If G K with Re > 0 and G i/, i G {1,..., n} , e G -ff, ||e|| =1 are 
such that 


ip + if) 

Xi --—e 


for each iG n}. 


(6.117) 
or, equivalently, 

Re {(j)e — Xi,Xi — pe) > 0 for each i G {1,..., n} , 
then we have the following reverses of the generalised triangle inequality: 


(6.118) 


and 

(6.119) 


^||xi|| < ( ^||a:i| 


2=1 


^2 = 1 


< 


< 


Re [((/> + yp) (ELi^^e)] 

2VRe(#) 

U + P 


2 y^Re {(t>p) 


E 

2=1 


Xi 


0 < ^ llxill - 
2=1 

<Mt\ 




^2=1 


E^ 


2=1 


< (E 11^*11^ ] 


0=1 


' + p\ / 


) -T-— ( E! 

jRe[4)p) \i=i 


< 




2\/Re (y(j)p) + :/?! + 2yRe 

+ P 


X Re 


< 


■p 

\(t)-p\ 


'^Xi,e 

i=i / 

2 


2\/Re {(f>p) (|(/< + + 2y^rF 


E^ 

i=l 


Obviously (16.11811 for (p = M, p = m, M>m>0 provides a refinement for 

CTTTt . 


6.2.5. Lower Bounds for the Distance to Finite-Dimensional Sub¬ 
spaces. Let (iJ; (•,•)) be an inner product space over the real or complex num¬ 
ber field K, {yi,... ,yn} a subset of H and G (i/i,...,?/„) the Gram matrix of 
where (i,j)-entry is {yt,yj) ■ The determinant of G (yi,..., y„) is 
called the Gram determinant of {yi,..., y„} and is denoted by T (yi,..., y„). 

Following Ul p. 129 - 133], we state here some general results for the Gram 
determinant that will be used in the sequel: 
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(1) Let {xi,..., Xn} C H. Then T {xi ,..., x„) 0 if and only if {xi ,..., x„} 

is linearly independent; 

(2) Let M = span {xi ,..., Xn} be n—dimensional in 7L, i.e., {xi ,..., Xn} is 
linearly independent. Then for each x G H, the distance d (x, M) from x 
to the linear subspace H has the representations 

(6.120) 

r (Xi, ...,Xn) 

and 


( 6 . 121 ) 


(x, M) = 


,2 (s:r=d(^.^dn^_ if 


\x\\^ if X G M-*-, 

where denotes the orthogonal complement of M. 

The following result may be stated |11| . 

Proposition 60. Let {a;i, ..., x„} be a system of linearly independent veetors, 
M = span {xi,..., Xn} , x G a £ H, r > 0 and ||a|| > r. If 


( 6 . 122 ) 


Xi — {x,Xi)a <|(a:,Xi)|r for each zG n}. 


(note that if (x, x^) ^ 0 for each z G {1,..., zz} , then can be written as 


(6.123) 


Xj 

(x,Xi) 


< r 


for each 


i G {l,...,rz}), 


then we have the inequality 
(6.124) d^{x,M)>\\xf 

> 0 . 


Il«f 


Proof. Utilising we can state that 


(6.125) 


d^ (x, M) 




•^|(x,Xi)|^. 


Also, by the inequality 16.8611 applied for = {x,Xi) , pi = z G {1,..., n}, we 
can state that 


(6.126) 


^ Ikf 1 


provided the condition 16.12311 holds true. 

Combining 16.12511 with 16.12611 we deduce the hrst inequality in 16.12411 . 
The last inequality is obvious since, by Schwarz’s inequality 


n n 

ikf XI 11^*11^ > - 

2=1 2=1 



2=1 


































218 


6. OTHER INEQUALITIES 


Remark 73. Utilising ]6.12(Al . we can state the following result for Gram de¬ 
terminants 


(6.127) T {xi,... ,x„,x) 
> 


\x\\‘^ - 




r {xi, .■.,Xn)>0 


|a|| E”=ill^d|- 

for X ^ and x,Xi,a and r are as in Proposition \6(A 

The following corollary of Proposition EOl may be stated as well |11| . 

Corollary 55. Let {xi,... ,Xn} be a system of linearly independent vectors, 
M = span {xi ,..., a;„} , x € H\M-^ and € K with Re (ifip) > 0. If e G H, 
llell = 1 and 


(6.128) 

or, equivalently. 


7-r P + (l) 

Xi - {x,Xi} ■ —-—e 


< ^ l</>- 7^1 


Re {x, Xi)e - Xi,Xi - (p ■ {x, Xi)e^ > 0, 
for each is {1,..., n} , then 

(6.129) (x,M) > ||xf -1 - > 0, 


or, equivalently, 

(6.130) r (ar,... ,a;„, a;) 


> 


4 Re(<^^) 


,2 1 W + 


4 Re(0^) j:t^\\x. 


r (xi,. .■,Xn)>0. 


6.2.6. Applications for Fourier Coefficients. Let {H; {■,■)) be a Hilbert 
space over the real or complex number field K and an orthornormal basis 

for H. Then (see for instance |31 p. 54 - 61]) 

(i) Every element x G H can be expanded in a Fourier series, i.e., 

X = ^ {x,ei) a, 
iGl 

where (x, Ci) , i G I are the Fourier coefficients of x; 

(ii) (Parseval identity) 

\\x\\'^ ='^{x,e^) Ci, xGH; 

(iii) (Extended Parseval identity) 


<^,y) = '^{x,ei) {e„y), x,y G H; 


iei 


(iv) (Elements are uniquely determined by their Fourier coefficients) 
{x, Ci) = {y, Ci) for every i G I implies that x = y. 
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Now, we must remark that all the results can be stated for if = K where K 
is the Hilbert space of complex (real) numbers endowed with the usual norm and 
inner product. 

Therefore, we can state the following proposition |11| . 


Proposition 61. Let {H\ (•, •)) be a Hilbert space over K and an or- 

thornormal base for H. If x,y £ H (i/ ^ 0), a G K (C,R) and r > 0 such that 
|a| > r and 


(6.131) 
then we 

(6.132) 


(cc, Ci) 


— a 


< r for each i G 


{y, Si) 

then we have the following reverse of the Schwarz inequality 

1 


Ill/ll < 


|2 2 
a — H 


: Re [a • (x, y)] 


< 


|2 2 
a — 


\{x,y )\; 


(6.133) (0<)||x||||y||-|(x,y)| 


< ||x|| llyll - Re 


{x,y) 


< 


q,|2 _ j,2 I IqI _|_ ^ \af' — 


Re 


• {x,y) 


< 


aP — ( |a| + \/\af — 




(6.134) 


and 

(6.135) 


\\xf\\yf< 

< 


1 



(Re [a • {x,y)]f 
\{x,y)f 


(0<)l|ccf llz/f- 

<ll^f llyf- 


\{x,y)\^ 


( Re 

A ■ 

V 

L|a| J 


2 



2 


< 



l(a:>y)l • 


The proof is similar to the one in Theorem IHHl when instead of Xi we take 
{x,ei ), instead of ai we take {ei,y ), H-H = j-l , pi = 1, and we use the Parseval 
identities mentioned above in (ii) and (iii). We omit the details. 

The following result may be stated as well m 
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Proposition 62. Let (i?; (•,•)) be a Hilbert space over'K and an or- 

thornormal base for H. If x,y € H (y ^ 0), e,(p,(l> G K. with Re {4>ip) > 0, |e| = 1 
and, either 


(6.136) 


(x.Ci) ip + < 


{y, ei) 


< 2 


or, equivalently, 


(6.137) 


Re 



(a^,e^) \ / {ei,x) 
{y■.e^)) \ {ei,y) 



> 0 


for each i G I, then the following reverses of the Schwarz inequality hold: 


(6.138) 


Ill/ll < 


Re [{(f + ip) e {x,y)] 


< 


\v + (t>\ 

2 i/Re {(ftp) 


\{x,y)\ 


(6.139) 


(0<)||x|| ||j/||-|(x,y)| 

(^ + (^) e 


< ||a;|| ||y|| - Re 


+ 


{x,y) 
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and 

(6.140) 


< 




2y^Re (y4>^p) ^ I (/? + <() I + 2-^Re 
(0 + ^) e 


X Re 


|(^ + 0| 


{x, y) 


< 


10 - 


2\/Re (0(/?) (!(/? +01 + 2y'Re(0(/5)^ 


\{x,y)\ 


(0<)||a:f ||yf-|(x,2/)|^ 


<||xf bf- Re 


(0 + V?) i 

|(/5 + 0| 


1 \ 2 


c,2/) 


< 


{R-e [(0 + (p)e {x, y)] }' 


4|0 + (p| Re(0(/7) 


< 


10 - (^1 


4 Re (0(/3) 


TTl(a:,y)l • 


Remark 74. If ( f ) = M > m = (p > 0, then one may state simpler inequalities 
from ifi.ldhil ~ jti.lfU}) . We omit the details. 


6.3. Other Reverses of the CBS Inequality 


6.3.1. Introduction. Let {H; (•,•)) be an inner product space over the real 
or complex number field K. 

The following reverses for the Schwarz inequality hold (see [ 5 ], or the mono¬ 
graph on line m p- 27]). 

Theorem 89 (Dragomir, 2004). Let (i7; (•,•)) be an inner product space over 
the real or complex number field K. If x,a G H and r > 0 are such that 

(6.141) x G B {x, r) := {z G II\ \\z — ajj < r} , 
then we have the inequalities 

(6.142) (0<)||x||||a||-|(x,a)|<||x||||a||-|Re(x,a)| 

< ||x|| ||a|| - Re (a;, a) < . 

The constant i is best possible in EM in the sense that it cannot be replaced by 
a smaller quantity. 


An additive version for the Schwarz inequality that may be more useful in 
applications is incorporated in [8] (see also m p. 28]). 


Theorem 90 (Dragomir, 2004). Let {H; (•,•)) be an inner product space over 
K and x,y G H and 7, T S K with T ^ —7 and either 

(6.143) Re (Ty — a:, a; — 7?/) > 0, 

or, equivalently, 


(6.144) 


7 + r 

X - 7;—y 


< 2 ir- 7 l 
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holds. Then we have the inequalities 
(6.145) 0 < ||a:|| ||y|| - |(a;,?/)| 


<11^11 II2/II- 


Re 


r + 7 


< ||a;|| ||y|| - Re 


Lir + 7l 
r + 7 


• {x,y) 
■ {x, y) 


1 |r-7|^ „ „2 

- 4 |r + 7| ' 


The constant j in the last inequality is best possible. 

We remark that a simpler version of the above result may be stated if one 
assumed that the scalars are real: 

Corollary 56. If M > m > 0, and either 


(6.146) 

or, equivalently, 

(6.147) 

holds, then 

(6.148) 


Re {My — x,x — my) > 0, 


m + M 
X -;;- y 


< -{M-m)\\y\\ 


0 < ||a:|| II 2 /II - \{x,y)\ 

< ||a;|| II 2 /II - |Re(a:, 2 /)| 

< ||a:|| llyll -Re(a;,y) 

< 1 (M-mf , 

- 4 M + m 


The constant j is sharp. 


Now, let {K, {■, •)) be a Hilbert space over K, pi > 0, z G N with Pi = 1- 
Consider (K) as the space 

(K) := ja; = (x*) \xi € K, z G N and ||xi||^ < ooj . 

It is well known that fp {K) endowed with the inner product 

00 

{x,y)p ■= '^Pi {xi,y^) 

i=l 

is a Hilbert space over K. The norm Ij-H of ^p (K) is given by 


ip'= 


If X, p G £p (K), then the following Cauchy-Bunyakovsky-Schwarz (CBS) inequality 
holds true: 

00 

(6.149) 
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with equality iff there exists a A € K such that Xi = Xyi for each f G N. 
If 


G €p {K) :=■'«= (ai)jgj^l G K, j G N and '^Pi loil^ < oo 


and X G {K ), then the following (CBS)-type inequality is also valid: 


(6.150) 


i—1 i—1 


oo 

y^^PiajXj 

i=l 


2 


with equality if and only if there exists a vector v G K such that Xi = aiV for each 
i G N. 

In nn, by the use of some preliminary results obtained in |2l, various re¬ 
verses for the (CBS)-type inequalities (16.14011 and Ijb. 15011 for sequences of vectors 
in Hilbert spaces were obtained. Applications for bounding the distance to a finite¬ 
dimensional subspace and in reversing the generalised triangle inequality have also 
been provided. 

The aim of the present section is to provide different results by employing some 
inequalities discovered in (gj. Similar applications are pointed out. 


6.3.2. Reverses of the (CBS)-Inequality for Two Sequences in fp {K). 

The following proposition may be stated m 

Proposition 63. Let x,y G (K) and r > 0. If 


(6.151) 
then 

(6.152) 


Xi — yi\\ < r for each f G N, 

OO 

E 

2=1 

OO > 

<['^Pi\\x^\f'^p^\\yif\ - '^p^Re{xi,y,) 


(0 <) '^p^ ||xif 


^2 = 1 


OO 

{xi,yi) 

2=1 


V2=l 


2=1 

OO 


2=1 

1 

2 OO 


< {'^Pi\\xz\\'^^Pi\\yif ] -'^p^Re{x^,y^) 


-r ■ 

The constant i in front of r'^ is best possible in the sense that it cannot be replaced 
by a smaller quantity. 


Proof. If (16.15111 holds true, then 

OO OO 

11^ “ = E^'* 11^* “ E^^* = 

i=l i=l 

and thus \\x — ?/||p < r. 

Applying the inequality (16.14211 for the inner product ^£p (AT), (•, •)p j , we de¬ 
duce the desired result (Em. 

The sharpness of the constant follows by Theorem|^and we omit the details. | 
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The following result may be stated as well m- 

Proposition 64. Let x,y G £p {K) and 7,r € K with P ^ —7. If either 
(6.153) Re (Pj/i — Xi, Xi — 'yyi) > 0 for each i G N 


or, equivalently, 
(6.154) 
holds, then: 


7 + P 

Xi - —yi 


< 2 for each iGn 


(6.155) (0 <) ( \\x,f 








00 > 

2 II ||2 


< '^Pi WxiW^^Pi hi 


\i^l 


2=1 


Re 


|r + 7l^ 


Pi {Xi,yi) 


C OO 00 > 

'^Pi \\xifJ 2 p^ 

i=l i=l y 


— Re 


P + 7 

W+V\j 


'^Pi {Xi,yi) 


2=1 

1 |r — 7|^ ^ 2 

sI-TTUT tK'’*""'" ■ 


The constant j is best possible in E223H. 
Proof. Since, by (16.15311 . 


Re (Py -x,x- 7 y)p = ^p^Re (Py* - Xi,Xi - jyi) > 0, 

i=l 

hence, on applying the inequality (16.14511 for the Hilbert space 
(^ip (K ), (•, •)p^ , we deduce the desired inequality (16.15511 . 

The best constant follows by Theorem 1201 and we omit the details. | 


Corollary 57. If the conditions Iti.lhtA) and hold for P = M, 7 = to 

with M > m > 0, then 


(6.156) 


(0 <) ( ^p* lixif ^p, ||y*| 


'^2=1 

00 


2=1 

00 


\2=1 2=1 


00 

ixi,yi) 

2=1 


00 

'^p^Re{xi,y^) 

2=1 
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< 





(M — m)^ 
M + m 


2=1 


OO 

y^^p^Re{x^,y^) 

2=1 


The constant ^ is best possible. 

6.3.3. Reverses of the (CBS)-Inequality for Mixed Sequences. The 

following result holds m 

Theorem 91 (Dragomir, 2005). Let a G £p (K) , a; G £p [K) and v € K\ {0} , 
r > 0. If 


(6.157) 


\xi — aiv\\ < r\ai\ for each i G N 


(note that if ai 0 for any * G N, then the condition is equivalent to the 

simpler one 


(6.158) 
then 

(6.159) 


Xi 


— V 


< r for each i G N), 


(0 <) ( ^p^ \ai\^^ 


Pi l|a;i| 


^2=1 

OO 


2=1 

OO 


\i^l 2^1 

/ OO OO 


Pi ll^il 


Pi 


V2=l 


2=1 


< ^Pi \a,\^^p^ \\x^\ 

\i^l 2=1 

1 2 OO 

1 — 


y^^Pi^iXi 
2=1 
/ OO 

^ ^ PiO^iXi j 

\i=l 

/ OO 

- Re( ^p,aiXi,-^ 

-Re(f2p.a,x.,^ 


\ j=i 


< 


2 llul 


■'^P^ l«*l 


2=1 


The constant ^ is best possible in mm) . 

Prooe. From 16.15711 we deduce 

llxill^ - 2Re {aiXi,v) + \aiY ||u||^ < r^ \a. 


2 ll„,l|2 ^ Jl |„, |2 

* I ) 


which is clearly equivalent to 

(6.160) WxiW"^ + \ai'^ ||u||^ < 2Re(aia;i,u) + \ai\^ 


for each * G N. 
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If we multiply (16.16011 by pi > 0, i G N and sum over i G N, then we deduce 


(6.161) 


^P^ + Wvf'^Pi \aif 

i=l i=l 


< 2 Re I 


p^aiX^,v 


+ r^^Pi |a,|^ . 
i=l 


Since, obviously 


(6.162) 


2 II.-II 


E 

^i=i 


Pi 

2=1 


1 

2 


oo oo 

+ ikf ’ 
2=1 2=1 


hence, by fTTTTmi and inina, we deduce 


2|k|| i'^p^\a^f'^pi\\xi\ 


< 2 Re ( ^ 


PiaiXi,v 




i i=l 


r y ^Pi \ai\ 

i=l 


which is clearly equivalent to the last inequality in (16.15011 . 
The other inequalities are obvious. 

The best constant follows by Theorem | 


The following corollary may be stated m 

Corollary 58. Let a G (K), x G ip (K), e G H, \\e\\ = 1 and 7 ,T G K 
with r ^ — 7 . If 


(6.163) 


_ 7 + r 

^2 "Z ' ^ 


< 2 |r-7l \ai\ 


for each i G N, or, equivalently, 

(6.164) He (Tale — Xi,Xi — ^afe) 

for each i G N f note that, if oci 0 for any i G N, then \(i.l6d\) is equivalent to 


(6.165) 


Xi 7 + r 


4ir-7l 


for each i G N and EM is equivalent to 


n /t- 

Re ( Te — —, — — 76 

\ 0^2 Oli 


> 0 


(6.166) 
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for each i G NJ, then the following reverse of the (CBS)-inequality is valid: 


(6.167) 


(0 <) ( 


\i=l 

oo 


2=1 

OO 






Pi \\Xz\ 


Pi \\Xz\ 


^ ^ Pi^iiXi 


y^PiatXi,e 

U=i / 


Re 


r + 7 


|r + 7l 

C oo oo \ ■ 

'^Pi \o:i\^'^Pi I 

2=1 2=1 / 

-Reliil/f; 


^ ^ PiOiiXi , ( 


|r + 7| 


PiO^iXi , e 


|2 oo 


1 |r — I |2 

< —^- -^Pi m\ 


4 |r + 7 | 


The constant j is best possible. 


Remark 75. If M > m > 0, ai 0 and for e as above, either 


(6.168) 



M ■ 


m 


<-,iM 


m) for each i G N 


or, equivalently. 


Re ( Me — ^ — me) > 0 for each i G N 

\ Oil Oil 



oo 

y^^PittiXi 

2=1 


holds, then 
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Pi \\^i\ 


0=1 
'' oo 


Z=1 






Z =1 

oo 


O 

■E 


Pi IF^I 

i^l 
2 oo 


( y^piaiXi,e 

\i=l / 

/ OO 

Re ( y^piajXip 

\i=i 


- Re ( '^Pia^Xi, e 
\i=l / 


1 (M - mY 2 

<-> ,Pi \az\ ■ 


4 M + m 

't—1 

The constant j is best possible. 

6.3.4. Reverses for the Generalised Triangle Inequality. In 1966, Diaz 
and Metcalf proved the following interesting reverse of the generalised triangle 
inequality: 


(6.169) 


Ijxill < 


2=1 


E^ 

i=l 


provided the vectors xi,... ,Xn G H\ { 0 } satisfy the assumption 

Re {xi, a) 


(6.170) 


0 < r < 




i € {l,...,n}. 


where a G R, ||a|| = 1 and (iJ; (•,•)) is a real or complex inner product space. 

In an attempt to provide other sufficient conditions for (16.16911 to hold, the 
author pointed out in that 


(6.171) 


\/l-P^E 11^*11 - 


E^ 


where the vectors Xi, i G {1, ..., n} satisfy the condition 

(6.172) \\xi-a\\<p, iG n}, 

where r £ H, ||a|| = 1 and p G (0,1). 

Following [m, if M > TO > 0 and the vectors Xi G H, i G {1, ..., n} verify 
either 

(6.173) Ke {Ma — Xi, Xi — ma) > 0, zG 
or, equivalently, 


(6.174) 


M + m 

Xi ---- a 


<^{M-m), zG n}, 


where o G i7, ||a|| = 1, then 


(6.175) 


2'/rnM 
M + m 


E 11^*11 - 


2=1 


E^ 

2=1 


It is obvious from Theorem ED that, if 
(6.176) |ki-n||<r, 


for z G {1,..., rz} , 
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where Xi e iJ, i e v G i?\ {0} and r > 0, then we can state the 

inequality 


(6.177) 


( 0 <) 

\ i=i 

4^1:11 




n 


2=1 


n 

-E^ 

n 


X- — 
r, Id,II 




i=l 


< 


< 


eS' 

1 

2 ■ W' 




Since, by the (CBS)-inequality we have 


(6.178) 


< 


x^ 


i=l 


i=l 


hence, by 16.17711 and we have HU: 


(6.179) 


(o<)Ei 




1 


provided that 16.17611 holds true. 

Utilising CorollaryEHl we may state that, if 


(6.180) 



7 + r 
2 


< 2ir-7l 


j G {l,...,n}. 


or, equivalently. 


(6.181) 


He {Te — Xi, Xi — ye) > 0, 


ie {l,...,n}. 
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where e G H, ||e|| = 1 , 7 ,F G K, F ^ —7 and Xi G H, i G {1,... ,n} , then 

1 


(6.182) 


(0<) 1Eii-<II' 

\ i=l 2 




Re 


< 




— Re 


1^1 

1 "" 

-T.’: 

n 

'£±±/i V 

|F + 7 I \ n^ 
f + 7 /l 


Xi, e 


i=l 


i=l 


|F + 7| 




i=l 


<1 |r-7r 


4 |F + 7 |- 

Now, making use of 16.17811 and 16.18211 we can establish the following additive 
reverse of the generalised triangle inequality 


(6.183) 


(0<)El 


E^ 


<in.tE 

- 4 ” |F + 7l 


provided either 16.18011 or 16.18111 hold true. 


6.3.5. Applications for Fourier Coefficients. Let (iJ; (•,•)) be a Hilbert 
space over the real or complex number field K and an orthonormal basis for 

H. Then (see for instance |31 p. 54 - 61]): 

(i) Every element x G H can be expanded in a Fourier series^ i.e., 

X = ^ {x,e^) Ci, 
i&I 

where (x, Ci) , i G I are the Fourier coefjieients of x; 

(ii) (Parseval identity) 

||x||^ = ^ (x,ei) Ci, xGH\ 
iGl 

(iii) (Extended Parseval’s identity) 

{x,y) = '^{x,ei) {ei,y), x,y G H; 
iei 

(iv) (Elements are uniquely determined by their Fourier coefficients) 

(x, Ci) = {y, Ci) for every i G I implies that x = y. 

We must remark that all the results from the second and third sections may be 
stated for if = K where K is the Hilbert space of complex (real) numbers endowed 
with the usual norm and inner product. 

Therefore we can state the following reverses of the Schwarz inequality 
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Proposition 65. Let {H\ (•,•)) be a Hilbert space over K and {ei}^^j an or¬ 
thonormal base for H. If x,y G H, y ^ 0, a € M. (C,R) with r > 0 such that 


(6.184) 


{x,ei) 


(y, 


d) 


< r for each i G I, 


then we have the following reverse of the Schwarz inequality: 
(6.185) (0<)||x||||y||-|(c.,2/)| 


< Ikll 


— Re 

— Re 




,.2 


The constant 1 is best possible in mEW- 

The proof is similar to the one in Theorem EH where instead of xt we take 
(cc, Ci), instead of ai we take (e^, y) , H-H = j-l, pi = 1 and use the Parseval identities 
mentioned above in (ii) and (iii). We omit the details. 

The following result may be stated as well m 

Proposition 66 . Let {H; {■,■)) be a Hilbert space over K. and an or¬ 
thonormal base for H. If x,y G H, y 0, e,7,r S K with |e| = 1, P 7^ —7 and 


(6.186) 

or equivalently, 
(6.187) 


{x,ei) 7 + P 


Re 


{yH^) 


Pe- 


4ir-7l 


{x,ef)\ ({ei,x) 


{yHi)J \{ei,y) 


■ 76 


> 0 


for each i G I, then 

(6.188) ( 0 <)||x||||y||-|(x,y)| 

f + 7 


<11^11 II 2 /II- 


Re 


< ||a;|| ||y|| - Re 


< 


1 |r-7r 


|r + 7 l 
r + 7 
|r + 7 I 

ii2 


{x,y) ■ e 
x,y) ■ e 


\T + 7 I 


The constant j is best possible. 

Remark 76. IfT = M>m = "f>0, then one may state simpler inequalities 
from We omit the details. 
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